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1. GEM Distribution

For 0 ≤ α < 1, θ > −α, let U1, U2, . . . be independent, and

Ui ∼ Beta(1− α, θ + iα). Set

V1 = U1, Vn = (1− U1) · · · (1− Un−1)Un, n ≥ 2.

The law of (V1, V2, . . .) is called the GEM distribution.
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2. Poisson-Dirichlet Distribution

The law of the descending order statistics of V1, V2, . . . is called

the two-parameter Poisson-Dirichlet distribution, denoted by

PD(α, θ).

The case α = 0 corresponds to Kingman’s Poisson-Dirichlet

distribution.
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3. Dirichlet Process

Let ξ1, ξ2, . . . be iid with common diffuse measure ν on [0, 1],

and independently, (P1(α, θ), P2(α, θ), . . .) follows the two-parameter

Poisson-Dirichlet distribution. The random measure on [0, 1]

Ξα,θ,ν(dx) =

∞∑
i=1

Pi(α, θ)δξi(dx)

is called the two-parameter Dirichlet process, denoted by Πα,θ,ν.
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Let

[0, 1]∞ = {(x1, x2, . . .) : xi ∈ [0, 1], i = 1, 2, . . .},

4 = {p = (p1, p2, . . .) ∈ [0, 1]∞ :

∞∑
i=1

pi ≤ 1},

∇ = {(p1, p2, . . .) ∈ 4 : p1 ≥ p2 ≥ · · · ≥ 0},
M1([0, 1]) = the set of all probabilities on [0, 1].

Then PD(α, θ) is a probability on ∇, the GEM distribution is

probability on 4, and the Dirichlet process is a probability on

M1([0, 1]).
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4. GEM Process

For 0 ≤ α < 1, θ + α ≥ 1 and any i ≥ 1, set

ci =
1− α

2
, di =

θ + iα

2
.

For independent Brownian motions B1(t), B2(t), . . ., consider the

following SDE

dxi(t) = (ci − (ci + di)xi(t))dt+
√
xi(t)(1− xi(t))dBi(t).

The diffusion xi(t) takes values in [0, 1) and is symmetric with

reversible measure Beta(1− α, θ + iα).
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Consider the map

Φ : [0, 1]∞→4, (x1, x2, . . .) 7→ (p1, p2, . . .),

where

p1 = x1, pn = (1− x1) · · · (1− xn−1)xn, n ≥ 2.

The GEM process is the 4-valued diffusion given by

Φ(x1(t), x2(t) . . . ). Let C∞cl ([0, 1]∞) be the set of all bounded,

C∞ cylindrical functions on [0, 1]∞ and

D = {f |4 : f ∈ C∞cl ([0, 1]∞)}.
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For any f in D, the generator of the GEM process is

Lf(p) =
1

2

∞∑
i,j=1

aij(p)
∂2f

∂pi∂pj
+

∞∑
i=1

bi(p)
∂f

∂pi
,

where

aij(p) = pi(δij − pj) + pipj

i−1∑
k=1

pk
p̂k

+ δijpip̂i−1,

bi(p) = pi

i∑
k=1

(
(δkip̂k−1 − pk)(ckp̂k−1 − (ck + dk)pk)

pkp̂k

)
,

where p̂k = (1−
∑k
l=1 pl)

– Typeset by FoilTEX – 9



Properties

For simplicity, denote PD(α, θ) by µ. Then the Dirichlet form

associated with the GEM process is given by

E(f, g) = 〈µ, f(−Lg)〉

with domain D(E).

Theorem 1. (F and Wang (07)) (1) The GEM process is the unique

Feller process generated by L;

(2) The GEM process is symmetric with GEM distribution as the

reversible measure;
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(3) There exists c > 0 such that for any f in D

〈µ, f2 log f2〉 ≤ cE(f, f) + 〈µ, f2〉 log〈µ, f2〉,

which is the Log-Sobolev inequality.

Denote the semigroup of the GEM process by Pt. Then it follows

from the Log-Sobolev inequality that for any g in the domain of the

Dirichlet form satisfying g ≥ 0, 〈µ, g〉 = 1, the relative entropy of

Pt(g) with respect to µ converges to zero exponentially fast as t

tends to infinity.
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5. Infinite-Allele Models

In Pitman (02), the GEM distribution and the Poisson-Dirichlet

distribution in the case of α = 0 are shown to be invariant

distribution of certain Markov chains involving the split-and-merge

transformations of an interval-partition. The case of α > 0 is

studied in Bertoin (08) where the dynamics involve an exchangeable

fragmentation-coagulation process.

Our focus here is on an infinite-dimensional diffusion process.
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For any n ≥ 1, let

φ1(p) = 1, φn(p) =

∞∑
i=1

pni , n ≥ 2, p ∈ ∇

and

D0 = algebra generated by {φn : n ≥ 1}.
For f ∈ D0, set

Lα,θf(p) =
1

2


∞∑

i,j=1

pi(δij − pj)
∂2f

∂pi∂pj
−
∞∑
i=1

(θpi + α)
∂f

∂pi

 .

– Typeset by FoilTEX – 13



Theorem 2. (Petrov(09)) (1) The generator Lα,θ defined on D0 is

closable in C(∇). The closure, also denoted by Lα,θ for notational

simplicity, generates a unique ∇-valued diffusion process Xα,θ(t), the

two-parameter infinite-allele diffusion process;

(2) The process Xα,θ(t) is reversible with respect to PD(α, θ);

(3) The spectrum of Lα,θ consists of the eigenvalues

{0,−λ2,−λ3, . . .} with

λn =
n(n− 1 + θ)

2
, n ≥ 0.

The eigenvalue 0 is simple, and the multiplicity of −λn for n ≥ 2 is

π(n) − π(n − 1) with π(n) denoting the total number of partitions

of integer n.
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Theorem 3. (F and Sun(09)) (1) The bilinear form

Eα,θ(f, g) =
1

2

∫
∇

∞∑
i,j=1

pi(δij − pj)
∂f

∂pi

∂g

∂pj
(p)dPD(α, θ)

is closable on L2(∇;PD(α, θ)) and the closure is a regular Dirichlet

form. The symmetric Hunt process associated with the Dirichlet form

coincides with the process in Theorem 2.

(2). For any k ≥ 1, let

Ck = ∇∩ {
k∑
i=1

pi = 1}, Dk = Ck ∩ {pk > 0}.

If θ+kα < 1, then the process Xα,θ(t) will hit any subset of Ck with
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non-zero (k − 1)-dimensional Lebesgue measure; if θ + kα ≥ 1, then

Dk is not hit by Xα,θ.

Remarks. Theorems 2 and 3 are generalizations of the results in

Ethier and Kurtz (81), Ethier (92), and Schmuland (91). There is

a fundamental change in boundary behavior when α changes from

zero to a positive number. In Schmuland (91), all finite dimensional

simplex will be hit as long as θ < 1; for α > 0, the condition θ + kα

puts additional restrictions on the dimension of the simplex that can

be hit.
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6. Fleming-Viot Process

Let S be a compact metric space, C(S) be the set of continuous

functions on S, M1(S) the space of probability measures on S

equipped with the usual weak topology, and ν a diffuse probability in

M1(S). Consider operator A of the form

Af(x) =
θ

2

∫
(f(y)− f(x))ν(dy), f ∈ C(S).

Define

D = {u : u(µ) = f(〈φ, µ〉), f ∈ C∞b (R), φ ∈ C(S), µ ∈M1(S)},

where 〈φ, µ〉 is the integration of φ with respect to µ and C∞b (R)

denotes the set of all bounded, infinitely differentiable functions on R.
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Then the Fleming-Viot process with neutral parent independent
mutation (FV process) is a pure atomic measure-valued Markov

process with generator

Au(µ) = 〈Aδu(µ)/δµ(·), µ〉+
f ′′(〈φ, µ〉)

2
〈φ, φ〉µ, u ∈ D,

where

δu(µ)/δµ(x) = lim
ε→0+

ε−1{u((1− ε)µ+ εδx)− u(µ)},

〈φ, ψ〉µ = 〈φψ, µ〉 − 〈φ, µ〉〈ψ, µ〉,

and δx stands for the Dirac measure at x ∈ S. It is known (Ethier

(90)) that the Fleming-Viot process with parent independent mutation

is reversible with the Dirichlet process Π0,θ,ν as the reversible measure.
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Dirichlet Form Formulation

Set

F := Span{〈f1, µ〉 · · · 〈fk, µ〉 : f1, . . . , fk ∈ C(S), k ≥ 1}.

Consider the following symmetric bilinear form

EFV (u, v) =
1

2

∫
〈 δu
δµ(·)

,
δv

δµ(·)
〉µΠ0,θ,ν0(dµ), u, v ∈ F .

The Fleming-Viot process is the symmetric Hunt process associated

with this form.
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Two-Parameter FV

For 0 < α < 1, set

EαFV (u, v) =
1

2

∫
〈 δu
δµ(·)

,
δv

δµ(·)
〉µΠα,θ,ν0(dµ), u, v ∈ F ,

Natural Questions: Is the bilinear form EαFV closable? Does it give

rise to a regular Dirichlet form?

Positive answers to these questions will lead to a two-parameter

Fleming-Viot process.

Two special cases are confirmed in F and Sun (09).
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Special Case I

Assume that θ = 0, 0 < α < 1, S = {0, 1} with β = ν({0}), β̂ =

1− β. Then we have

Theorem 4. The form EαFV is closable and the closure is a regular

Dirichlet form.

The generator in this case has the form

Aα,0f(p) =
1

2
p(1− p)f

′′
(p) +

α

2
f ′(p) [(1− 2p)−

2β̂2p2α(1− p)− 2β2(1− p)2αp+ 2ββ̂(1− 2p)pα(1− p)α cos(απ)

β̂2p2α + p2(1− p)2α + 2ββ̂pα(1− p)α cos(απ)

]
.
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Special Case II

Assume that θ > 0, 0 < α < 1, S = {0, 1}.

Theorem 5. The form EαFV is closable and the closure is a regular

Dirichlet form.

The generator in this case has the form

Aα,θf(p) =
1

2
p(1− p)f

′′
(p) +

1

2
f ′(p) [(1− 2p)

+ p(1− p)g′α,θ(p)/gα,θ(p)
]
,

where gα,θ(p) is the density function of Ξα,θ({0}).
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General Case

The problem remains open! The results so far seem to suggest

that the parameter α will only change the structure of the drift.
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THANK YOU!
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