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1. GEM Distribution

For 0 < a < 1,0 > —a, let Uy,Us,... be independent, and
U; ~ Beta(l — a,0 4 ia). Set

Vl = Ul,Vn — (1 — Ul)(l — Un_l)Un,n Z 2.

The law of (V1, V5, ...) is called the GEM distribution.
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2. Poisson-Dirichlet Distribution

The law of the descending order statistics of Vi, V5, ... is called

the two-parameter Poisson-Dirichlet distribution, denoted by
PD(a,9).

The case a = 0 corresponds to Kingman's Poisson-Dirichlet
distribution.
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3. Dirichlet Process

Let &1,&5,... be iid with common diffuse measure v on |0, 1],
and independently, (P;(a,0), Py(a,8),...) follows the two-parameter
Poisson-Dirichlet distribution. The random measure on |0, 1]

=0, (d) ZP a,0)d¢ (dx)
1=1
is called the two-parameter Dirichlet process, denoted by 11, ¢ ..
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Let
[O, 1]00 — {(561,5132, .. ) s XI; € [O, 1],’& =1,2,.. .},
1=1

v:{(plap27'“) SIA - P1 ZPQ = oac 20}7
M;(|0, 1]) = the set of all probabilities on [0, 1].

Then PD(a,f0) is a probability on V, the GEM distribution is
probability on /A, and the Dirichlet process is a probability on

Ml([07 1])
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4. GEM Process

ForO<a<1l,0+a>1andanyi>1, set

1 —« 0+
C; — ,di — 5
2 2
For independent Brownian motions Bi(t), Ba(t),..., consider the

following SDE

dz;(t) = (¢; — (¢; + di)zs (8))dt + /zi(t) (1 — x;(2))dB;(¢).

The diffusion z;(t) takes values in [0,1) and is symmetric with
reversible measure Beta(l — a, 6 + ia).
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Consider the map
¢ :[0,1]° = A, (z1,22,...) — (p1,p2, .- .),
where
p=x1, pp=1—21) - (1 —Tp_1)Tn, n=>2.
The GEM process is the A-valued diffusion given by

O(x1(t),z2(t)...). Let CP(]0,1]>°) be the set of all bounded,
C'*° cylindrical functions on [0, 1]* and

D={f|a:feCy(0,1]>)}.
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For any f in D, the generator of the GEM process is

1 — an = of
— 5 1 bz )
2 Z: i (P) gy * 24P,

1=1
where
1—1
aij(p) pZ(5Zj p]) +pzpjz P ‘|'5zgpzpz 1,
k=1

bi(p) = p EZ: ((5kiﬁk—1 — pr)(ckPr—1 — (ck + dk)pk)> |

1 DkPk

where p = (1 — Zle pl)
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Properties

For simplicity, denote PD(«,f0) by pu. Then the Dirichlet form
associated with the GEM process is given by

E(f,9) = (1, f(—Lg))
with domain D(E).

Theorem 1. (F and Wang (07)) (1) The GEM process is the unique
Feller process generated by L;

(2) The GEM process is symmetric with GEM distribution as the
reversible measure;

— Typeset by Foil TEX — 10



(3) There exists ¢ > 0 such that for any f in D

(u, [P log f2) < cE(f, f) + {1, £7) log{p, ),

which is the Log-Sobolev inequality.

Denote the semigroup of the GEM process by P;. Then it follows
from the Log-Sobolev inequality that for any ¢ in the domain of the
Dirichlet form satisfying g > 0, (u,g) = 1, the relative entropy of
P;i(g) with respect to p converges to zero exponentially fast as ¢
tends to infinity.
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5. Infinite-Allele Models

In Pitman (02), the GEM distribution and the Poisson-Dirichlet
distribution in the case of @ = 0 are shown to be invariant
distribution of certain Markov chains involving the split-and-merge
transformations of an interval-partition. The case of a > 0 is
studied in Bertoin (08) where the dynamics involve an exchangeable
fragmentation-coagulation process.

Our focus here is on an infinite-dimensional diffusion process.
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For any n > 1, let

d1(p) =1, én(p sz,n>2 pevV
1=1
and

Dy = algebra generated by {¢,, : n > 1}.
For f € Dy, set

\

Z 0 f ZOO of
a (] ’l/ 9 Z—I—Oé
Hf 1,]= 1p ] p] ap@(?pj 1= 1( ! )62%1

— Typeset by Foil TEX —




Theorem 2. (Petrov(09)) (1) The generator L, ¢ defined on Dy is
closable in C(V). The closure, also denoted by L ¢ for notational
simplicity, generates a unique V-valued diffusion process X, ¢(t), the
two-parameter infinite-allele diffusion process;

(2) The process X, ¢(t) is reversible with respect to PD(«, 6);

(3) The spectrum of L,g consists of the eigenvalues
{O, — A2, — A3, .. } with

_— n(n_1+9),n20.
2
The eigenvalue 0 is simple, and the multiplicity of —\,, forn > 2 is
w(n) — w(n — 1) with w(n) denoting the total number of partitions

of integer n.
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Theorem 3. (F and Sun(09)) (1) The bilinear form

of 0
a 9 fa / Z pz 19 p] 8585(p)dPD(Qf,9)
i UPj

231

is closable on L*(V; PD(c,0)) and the closure is a regular Dirichlet
form. The symmetric Hunt process associated with the Dirichlet form
coincides with the process in Theorem 2.

(2). Forany k > 1, let
k
Cr = Vﬂ{Zpi —= 1},Dk = CL N {pk > O}
i=1
If 0 + ko < 1, then the process X, o(t) will hit any subset of C}, with
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non-zero (k — 1)-dimensional Lebesgue measure; if 0 + ka > 1, then
Dy, 1s not hit by X, ¢.

Remarks. Theorems 2 and 3 are generalizations of the results in
Ethier and Kurtz (81), Ethier (92), and Schmuland (91). There is
a fundamental change in boundary behavior when o changes from
zero to a positive number. In Schmuland (91), all finite dimensional
simplex will be hit as long as 6§ < 1; for a > 0, the condition 6 + ka
puts additional restrictions on the dimension of the simplex that can
be hit.

— Typeset by Foil TEX — 16



6. Fleming-Viot Process

Let S be a compact metric space, C(S) be the set of continuous
functions on S, M;(S) the space of probability measures on S
equipped with the usual weak topology, and v a diffuse probability in
M;(S). Consider operator A of the form

0

Af(@) =5 [(F@) = S@)widy). | e C(s),

Define

D= {u:u(p) = f({$,m), f € C¥(R), ¢ € C(S), p € Mi(S)},

where (¢, 1) is the integration of ¢ with respect to p and Cp°(R)
denotes the set of all bounded, infinitely differentiable functions on R..
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Then the Fleming-Viot process with neutral parent independent
mutation (FV process) is a pure atomic measure-valued Markov
process with generator

Au(g) = (Adu(u) o).y + TLE D (6 6y, w e,

where

du(p)/op(x) = lim e Hu((l —e)p +edy) —u(pw)},

<¢7 Wu — <¢¢7M> - <¢7 ,LL> <¢7:u>7

and ¢, stands for the Dirac measure at x € S. It is known (Ethier
(90)) that the Fleming-Viot process with parent independent mutation
is reversible with the Dirichlet process 11 ¢ ,, as the reversible measure.
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Dirichlet Form Formulation

Set

F = Span{{(f1,u) - {fx,u) : f1,..., fr € C(S), k> 1}.

Consider the following symmetric bilinear form

1 ou  0v
— 5 o0, ) ) :
Erv(u,v) 2/<5u(-)’6u(-)>“ oouo(d), wv e F

The Fleming-Viot process is the symmetric Hunt process associated
with this form.
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Two-Parameter FV
For 0 < a < 1, set

ou  ov
Opu(-) opu(-)

v () =5 [

Y ulla 0.0 (dp), uw,v € F,

Natural Questions: Is the bilinear form £7,, closable? Does it give
rise to a regular Dirichlet form?

Positive answers to these questions will lead to a two-parameter
Fleming-Viot process.

Two special cases are confirmed in F and Sun (09).
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Special Case |

Assume that # = 0,0 < o < 1,5 = {0,1} with 8 = v({0}),5 =
1 — 5. Then we have

Theorem 4. The form £%, is closable and the closure is a regular
Dirichlet form.

The generator in this case has the form

Aaof(p) = 5p(1 = p)f () + 5 £/ (0) (1~ 20)-
23%p%(1 —p) - 26%(1 — p)**p + 2@3(1 — 2p)p*(1 — p)* cos(amr)
B2p?« + p2(1 — p)?* + 286p~(1 — p)= cos(am)
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Special Case Il

Assume that 0 > 0,0 < a < 1,5 = {0,1}.

Theorem 5. The form &%, is closable and the closure is a regular
Dirichlet form.

The generator in this case has the form

Aaof(p) = %p(l —p)f (p) + %f’(p) (1 —2p)

+p(1 = )ga,6(P)/9a6(p)]
where g, ¢(p) is the density function of =, ¢({0}).
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General Case

The problem remains open! The results so far seem to suggest
that the parameter a will only change the structure of the drift.
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