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1. INTRODUCTION

DeGroot & Goel (1980) considered

I random sample of size n drawn from a bivariate normal,

I before observations (xi ,ui)’s, the association between xi
and ui are lost.

I Observations are then only available in the following
sense:

I x1, · · · ,xn and y1, · · · ,yn, where

I y1, · · · ,yn is some unknown permutation of u1, · · · ,un

I Interested in estimating the correlation coefficient, ρ
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I Our motivation: Estimating the parameters in a linear regression
problem y = α + βx for (Xi ,Yi )’s when the association between
the Xi ’s and the Yi ’s is lost.

I If the linkage were not lost, elementary fact:

β̂ = (
n

∑
i=1

XiYi −nX̄ Ȳ )/
n

∑
i=1

(Xi − X̄ )2.

I Natural candidate for estimating β when association is lost:
Average ∑

n
i=1 XiYπ(i) over all permutations π.

I That is,
1
n! ∑

π

(
1
n

n

∑
i=1

XiYπ(i)

)
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n

∑
i=1

(Xi − X̄ )2.

I Natural candidate for estimating β when association is lost:
Average ∑

n
i=1 XiYπ(i) over all permutations π.

I That is,
1
n! ∑

π

(
1
n

n

∑
i=1

XiYπ(i)

)



I Our motivation: Estimating the parameters in a linear regression
problem y = α + βx for (Xi ,Yi )’s when the association between
the Xi ’s and the Yi ’s is lost.

I If the linkage were not lost, elementary fact:

β̂ = (
n

∑
i=1

XiYi −nX̄ Ȳ )/
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I Order Xi ’s and Yi ’s separately:

Xn:1 ≤ Xn:2 ≤ ·· · ≤ Xn:i

and
Yn:1 ≤ Yn:2 ≤ ·· · ≤ Yn:i .

I Rearrangement inequality of Hardy-Littlewood-Pólya:

1
n! ∑

π

(
1
n

n

∑
i=1

XiYπ(i)

)
≤ 1

n

n

∑
i=1

Xn:iYn:i

and
1
n! ∑

π

(
1
n

n

∑
i=1

XiYπ(i)

)
≥ 1

n

n

∑
i=1

Xn:iYn:n−i+1

I Property of 1
n ∑

n
i=1 Xn:iYn:n−i+1 can be deduced from that of

1
n

n

∑
i=1

Xn:iYn:i .
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I Consider a general problem: asymptotic behavior of

1
n

n

∑
i=1

φ(Xn:i ,Yn:i)

I Results can be generalized to d-dimension:

Let (X (1)
i , . . . ,X (d)

i ), 1≤ i ≤ n, be IID random vectors.

For each 1≤ j ≤ d , order X (j)
i , 1≤ i ≤ n:

X (j)
n:1 ≤ X (j)

n:2 ≤ ·· · ≤ X (j)
n:i

I Study, as n→ ∞,

1
n

n

∑
i=1

φ(X (1)
n:i , . . . ,X (d)

n:i ).
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I Loss of association is studied under

I broken sample,
I file-linkage problem,
I matching problem

I DeGroot & Goel (1980) Ann. Statist.

I Copas & Hilton (1990) J. R. Statist. Soc. A

I Chan & Loh (2001) Statist. Sinica

I Bai & Hsing (2005) Probab. Theory & Rel. Fields
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2. MAIN RESULTS

Some notation:

I (X1,Y1), . . . ,(Xn,Yn) be IID, with joint df H:

I X1,X2, . . . ,Xn ∼ F .
I Y1,Y2, . . . ,Yn ∼G
I Define F−1(y) = inf{x : F (x)≥ y}.

I Theorem 1 Let φ be a real-valued measurable function on R2

satisfying some conditions, then, as n→ ∞,

1
n

n

∑
i=1

φ(Xn:i ,Yn:i )
a.s.−−→ γ̄.

Here

γ̄ :=
∫ 1

0
φ(F−1(y),G−1(y))dy = Eφ

(
F−1(U),G−1(U)

)
where U ∼ Uniform(0,1).
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Theorem 2 Let φ be a real-valued measurable function on R2

satisfying some further conditions, then

1√
n

n

∑
i=1

φ(Xn:i ,Yn:i )−
√

n γ̄ =
1√
n

n

∑
`=1

Zn,` + oP(1)

where

Zn,` =
1
n

n

∑
i=1

{
ψ1(

i
n + 1

)[I(U` ≤
i
n

)− i
n

] + ψ2(
i

n + 1
)[I(V` ≤

i
n

)− i
n

]

}
.

Here U` = F (X`), V` = G(Y`), ψ1(u) = ∂φ(F−1(x),G−1(y))
∂x |(x ,y)=(u,u) and

ψ2 is similarly defined.



Theorem 2 (contd.) Further, as n→ ∞,

1√
n

n

∑
i=1

φ(Xn:i ,Yn:i )−
√

n γ̄
dist−−→ N(0,σ2)

where

σ
2 = 2

∫ 1

0

∫ v

0
u(1−v)[ψ1(u)ψ1(v) + ψ2(u)ψ2(v)] dudv

+2
∫ 1

0

∫ 1

0
[K (u,v)−uv ]ψ1(u)ψ2(v) dudv .

Here K (u,v) = H(F−1(u),G−1(v)).



3. SKETCHES OF PROOFS

Proof (sketch) of Theorem 1

I Key observation

1
n

n

∑
i=1

φ(Xn:i ,Yn:i) ≈
1
n

n

∑
i=1

φ

(
F−1(

i
n + 1

),G−1(
i

n + 1
)

)
≈

∫ 1

0
φ

(
F−1(y),G−1(y)

)
dy .

I In the sum above, careful analysis for i close to 1 or n is
required.
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Proof (sketch) of Theorem 2

I Introduce Ui = F (Xi ) and Vi = G(Yi ) for 1≤ i ≤ n.
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4. EXAMPLES/COUNTEREXAMPLES

Example 1 Some condition on φ is needed.
I Let

φ(x ,y) = I(x = y).

I Let X1, . . . ,Xn, Y1,≤ Yn be independent with common
uniform distribution on (0, 1).

I Note that
I P(Xn:i 6= Yn:i ) = 1 for 1≤ i ≤ n. Hence

∑
n
i=1 φ(Xn:i ,Yn:i ) = 0 a.s..

I However, ∫ 1

0
φ(x ,x) dx = 1.

I Theorem 1 does not hold.
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Example 2

I Let X1, . . . ,Xn be iid with continuous df F , mean µ1 and
variance σ2

1 .

I Let Y1, . . . ,Yn be iid with continuous df G, mean µ2 and
variance σ2

2 .

I Suppose that G(x) = F (x−a
b ).

I Then, as n→ ∞,

1
n

n

∑
i=1

Xn:iYn:i
a.s.−−→ µ1µ2 + σ1σ2.

I Apply above to Xi ’s and −Yi ’s, then, as n→ ∞,

1
n

n

∑
i=1

Xn:iYn:n−i+1
a.s.−−→ µ1µ2−σ1σ2.
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Example 3 Let (Xi ,Yi) be independent bivariate normal with
means µ1 and µ2, variances σ2

1 and σ2
2 , and correlation

coefficient ρ.

I From Theorem 1, as n→ ∞,

1
n

n

∑
i=1

Xn:iYn:i
a.s.−−→ µ1µ2 + σ1σ2.

I From Theorem 2, as n→ ∞,

∑
n
i=1 Xn:iYn:i −n(µ1µ2 + σ1σ2)√

n
dist−−→ N(0,σ2)

where

σ
2 = µ

2
1 σ

2
2 + µ

2
2 σ

2
1 + (1 + ρ

2)σ
2
1 σ

2
2 + 2µ1µ2σ1σ2ρ.
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Thank you for your attention !


