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v Q=| -r r

Examples u —u

and

Motivation In this simple case, we can solve p¢(t) explicitely as follows.

= °

okl P(t) = po-exp(tQ/c) = v+ po - exp(tQ/c) — v

Expansion =V 4+ (pO — V) . eXp(tQ/e) +v- eXP(tQ/E) -V
=V+(po—V)-(exp(tQ/e) = V) + (po —v) - V
= V+(po—v)-(exp(tQ/e) — V)
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Examples
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Motivation

Epancon O /oy = hO(Q3(0)/nirf + Q7 (0)/(n — )iy
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Matched
Expansion
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References
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N d/dn(5d g () = (S g (m2))(Qu(t) + €Qu(t) + Qu(1))
Introduction
Routs where m = t/e2. We also expand
Examples QZ(t) — ZZ:odk Qz(t)/dtk(O)(€27'2)k/k' + Rn+1 (627-2)7 01 (t) =

and

Motivation ZZ:Odk Q1 (t)/dtk(O)(Esz)k/kl + Rn+1 (627-2) and
L Qo) = 500 Qo(0)/at(0)(2r)* /K1 + R7(2r2). Here

S R are the remainder terms.
Matched

Expansion @ For 9 terms, we have

dg\9(2)/dr = g9 (2) - Qx(0).
S @ For ¢' terms, we have
dg"V(r2)/dr> = g9 (2) Q1 (0) + g' (72) - Qx(0).
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second layer, general terms

For n = 2k, we have

dg®¥ /dry = gl2k)(r2) - Qx(0)

+58,g@k=2(r,) - (v}/j!d Qp(0) /dlt
+7J /(= 1)1 Qp(0)/dt 1)
+zf: g@k=CIN) (1) - 74 /j1di Q4 (0) /it

For n =2k + 1, we have
dg®t1) /dry = gCk+1)(75) - Qx(0)

And finally,

dg\" /d
Acwherear§nis th& remainder.

+50 gR 12D (rp) - (7] /j10V Qp(0) /it

+7'/ /(/—1)'0// 'Q(0)/dt~1)
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=g . Q(0) + r"
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Another To solve the above equations, we need initial conditions.

From the expansion,

Introduction
and Basic
Results

— SUPo<t<T|P(t) — (1) — h™(t/e) — g™*(t/e?)| = O(e"T)
and

Motivation

we have at t =0,
S p(0) = po = i fD(0) + Z;eth)(0) + Xl gD (0).
Proof of the @ Thus, f0(0) + h®(0) + g(®(0) = pg and
Expansion o f((0) + AD(0) + g (0) =0,i > 1.
Multiplying the expansion by 1,1, we have
@ fO(t)- 1,4 =1and
References @ (1) -1y =0fori>1.
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Examples Q; ( t)

and
Motivation Qg ( t)
Matched QZ ( t) =

Expansion

Proof of the Qé ( t)

Matched
Expansion
Regular Part

We write Qx(t) = diag(Ql(t), Q5(1), ..., Qb(t)) where Q5(t) is
an irreducible Markov Chain with my states.(Z)_, my = m).
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Short Paper
Title

Autor Let 1 = diag(1m,, Tm,, ---, 1m)mx Where 14 is a column vector
8 of dimension kx1 with all elements 1. Let
inifoduction V(t) = diag(v1(t)), va(t), ..., vi(t)) where vi(t) is the row

and Basic

Results invariant distribution vector of Q4(t) :

Examples
and

Motivation Vi (t)

Matched

Expansion V( t) _ Vg(t)
Proof of the

Matched

Expansion V/(t)

Regular Part

Ixm

Let Q;(t) = V(t)- @Q(t) - 1. We shall prove the matched
expansion under the assumption that Qi (t) is an irreducible
Feleiences Markov Chain with / states. Each state k is now an
aggregation of my states in the original state space.
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Short Paper
Title

uthor To obtain the regular terms (), consider first the terms

involving €°.
and Basic. o fO(t). Qx(t) = 0.
Results
s o If Qx(t) is irreducible, O(t) is the quasi-invariant
e distribution of Qx(t) and it depends on Qx(t) only. The
Vatched ¢! approxmation will depend on Qq(t) and Q(t). Higher
Expansion order approximation will depend on all the Q’s.uju
Qggrr%;:e [+ Decompose f(o)(t) = (f(o)ﬁ, f(O),27 ey f(o)’l) where
o fOLK (1) = 9OVK(£)vK(t) and 9(OK(t) is a scalar

multiplier, vA(t) is the invariant distribution of QX (t).
@ We have fO(t) - 1 = 9°(t) and FO(t) = 9O(t) - V(d).

References (Hence solving f(O)(t) is equivalent to solving 9¥°(t)).
To solve 9¥0(t), we need to consider the next term f(V)(¢).
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SIS We have f(D(t) - Qo(t) = —fO(t) - Q(t) for the € term.
Author, @ Multiply the equation by 1 and we obtain
i @ 9O(t)- Q(t) = 0. Moreover, 9O (1) - 14 = 1.
ireeuction @ 9(O(¢) is solved uniquely and thus is f(0)(t).

:esu“sl @ To obtain f(V)(t), consider the next term in €2 and get
xamples
and

Motivation A1) - Quo(t) = dfO(t)/dt — FO(t) - Qu(t)
Matched _f(1)(t) . Q1 (t)

Expansion

Proof of the

it @ Multiply the equation by 1, we have

xpansion

0 =dvO(t)/dt — 0O (t)- V(t)- Q(t) - 1
—(00(t) - V() + B(2)) - Qu(t) - 1

References and thus

IO(t) - Qu(t) = dvO(t)/dt —9O(t)- V(t)- Qo(t) - 1
—B(t) - Qu(1) 1
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Author,
Another

e eion In the above, we assume the form
and Basic fO(t) = 9(¢) - V(t) + BO(t) where 9()(¢) - V(t) isin the
Results 0)
s the kernel and b(%)(¢) is a particular solutlon of
m (1) - Quo(t) = —FO(1) - Qy(t) for the €'
Moreover, we have 9()(t) - 1,7 =0 and
i (1)(¢) is uniquely solved.
roof of the

Matched @ fU)(t) can then be solved similarly.

Expansion

Pt @ Remark. If Q(t) is not irreducible, it will then take three
equarions to uniquely solve determine f;. Now it only
requires two.

Matched
Expansion

References
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Title

Author,
e For the first layer terms, we start from €°

Introduction the regUIar terms. )
and Basic
Results

Examples (0)(7—1) 02( )

and
Motivation

. (This is similar to

— Similar to (%), we decompose h(%)(r;) = 6% (r) - V(0)
Expansion where 6(9(r) is a 1x/ row vector and

Proof of the
Matched

Expansion h(O) (7‘1) — 9(0) (7-1) . V(O)
First Layer h(O) (7-1) -1 — 9(0) (7-1) and
T 0OK(m) =0

LSS Solving hQ(7) is equivalent to solving 6() (7).
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mo Proof of the Matched Expansion

Q is irreducible
Short Paper
Title

Author,
Another

Consider ¢! term.

Introduction

Rosults e' - dh®(my)/dry = h)(7y) - Qu(0)
Examples h(O) (7'1) (’7'1 dQQ(O)/dt + Q1 (0))

and
Motivation

Matched Multiplying the equation by 1 and we get

Expansion

Proof of the ° de(O)(7-1)/dT1 = 9(0 (7_1) 01 (0)
Expansion @ An initial condition of #(°)(0) determines the solution.
Pt @ From the expansion p(0) = f((0) + h(©)(0) + g(©(0),

we have 0 (0) = h(® . 1 = p0) .1 — £0) .1,
@ (Of course, here we need g(®(0) - 1 = 0)
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Introduction

s To see that g(9(0) - 1 = 0, we need to consider the ® term
" in the expansion of second layer expansion :

Examples
and

Motivation dg(o)/dTQ(Tg) = Q(O)(Tz) : QZ(O)'
Matched
Expansion

=1 Multiplying 1, we have dg(®/dr,(r,) - T = 0 and thus

. 9@ (7) - 1 = c. The exponential decay property then implies
9O (7) - i=0. Similar methods can be used to obtain

hlgher order terms h'.

First Layer
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Introduction
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Examples
and
Motivation

Matched

Expansion e Proof of the Matched Expansion

Proof of the
Matched
Expansion

@ Second Layer

Second Layer
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mo Proof of the Matched Expansion

Q is irreducible

Short Paper
Title

Author, . . .
Another To find the second layer terms, we first consider .

Introduction

and Basic 60; dg(o)(Tg)/de = g(o)(TZ) ) 02(0)-

Results

Examples
and
Motivation

atehed @ This differential equation can be uniquely solved if
Expansion g(o) (O) is given.

Proof of the

vlched @ Since p(® = f9(0) + h(o).(o) +g(0) and
f0)(0), h(©)(0) are determined,

SeconsLo e therefore, g = —(©)(0) — h(9(0) + P)(0) and
9 (1) is uniquely solved.

References @ Similarly, g') can be solved.
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Exponential Decay o Exponential Decay
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ino Proof of the Matched Expansion

Q; is irreducible, exponential decay of h

Short Paper
Title

8 To see the exponential decay of h(©(r), we consider

Introduction h(O) (T1) = 6(0) (T1) ’ V(O) _Since ~
| 09(r) = 000)(0) - exp(1 C1(0)) and 6©)(0) = p° - T~ 9(©)(0)
is orthogonal to 1,4, thus

Examples
and
Motivation o

Matched

0O(r1) = 60(0) - (exp(r @1 (0)) ~ V) +60)(0) - V
i = 009(0) - (exp(r1 21(0)) - V)

Expansion
where Vis the_matrix with each row the invariant
Exponenil Decay distribution of Qy(0).

@ The exponential decay of h(0)(y) now follows because
exp(m1 Q1(0)) — V decays exponentially.
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Qy is irreducible, exponential decay of g
Short Paper
Title

Author,
Another

Introduction

and Basic We next show the exponential decay of g(0)(72). Obviously,
:esu“sl 9 (1) = g((0) - exp(m2Qx(0)) where

e 9©(0) = p° — f0(0) — A9(0). Hence we have

Motivation

he exp(r2Q2(0)) = diag(exp(r2Q3(0)), ..., exp(r2Q5(0)))
Proof of the — diag(1 myx1° V! (0), ..., 1mxt - VI(O))

Expanaon exponentially as 7 — 0

where vk(0) is the invariant distribution of Q%(0).

Exponential Decay
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Another

Introduction BUt dlag(1 myx1° V1 (0)7 vy 1m,x1 : VI(O)) =
and Basic
Results 1 myx

Examples

and 1. diag(v'(0), ..., v/(0)) =

Motivation

1 mox1

Matched
Expansion 1 myx1

Proof of the V1 (0)
Matched

Expansion V2 (0)

Exponential Decay . v/ ( 0 )

References

Academla Sinica, ROC «O0>» «Fr «E» «

it
v
it

DA
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Qy is irreducible, exponential decay of g

Short Paper
Title

Author,
Another

thus we have

Introduction
and Basic

Results g(o)(o) . d|ag(1 myx1° V1 (0) m,x1 v (0))

Examples
and

LI because g(o)(o) .1 = 0 which was established earlier. It thus
Matched follows that

Expansion

Proof of the

Matched g(O) (7_2) = g (0) eXp(TZQZ(O))

= 9©(0) - (exp(72%(0))

_dlag(1 m1x1 : V1 (0)7 LS 1m,x1 : vl(o)))
— 0 exponentially fast.

Exponential Decay
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Another

e erLeton What remains is to analyze the error. We have the following
and easie theorem. Recall that L = €2df/dt — f- (Qs + €Q; + €2 Q).
E:::ﬂ;es Suppose that

otator ® supp<i<7|LVE(t)] = 1°(t) = O(e¥*+2) and v¢(0) = O, then
Matched we have

Expansion

Pr:ofofthe ® Sup0§t§T|vE(t)| = O(EK)'

. @ Th proof hangs on the fact that

ve(t) = 1/¢€? f S)X¢(t, s)ds where X¢(t, s) is the

principal matrix solut|on of L€ and is bounded.

Asymptotic
Validation
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mo Proof of the Matched Expansion

Q is irreducible
Short Paper
Title

Author,
Another

e erLeton What remains is to analyze the error. We have the following
and easie theorem. Recall that L = €2df/dt — f- (Qs + €Q; + €2 Q).
E:::ﬂ;es Suppose that

otator ® supp<i<7|LVE(t)] = 1°(t) = O(e¥*+2) and v¢(0) = O, then
Matched we have

Expansion

oot ® supo<t<7|V<(t)| = O(e¥).

. @ Th proof hangs on the fact that

ve(t) = 1/¢€? f S)X¢(t, s)ds where X¢(t, s) is the
principal matrix solut|on of L€ and is bounded.

@ THE END.
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