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Our story starts from the book “Brownian motion,
obstacles and random media” (A-S. Sznitman), where a
Brownian particle moves in a space full of obstacles randomly
located in the form of Poissonian cloud.

The central part of the book is to investigate the long term
asymptotic behaviors of the trajectory of the particle which
survives from being trapped by the obstacles.
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The (annealed) Gibbs measure of the form

aQ; 1 !
P Zexp{ - 9/0 V(Bs)ds}

is introduced to generates the trajectory of the Brownian particle
surviving from being trapped by the obstacles, where B; is a
d-dim. Brownian motion,

V(x) = /Rd K(y — x)w(dy) x B9

is called (Piossonian) potential function and w(dy) is a
independent (of Bs) Poissonian field on R? with intensity 1.
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In Sznitman’s work, the shape function K(x) is assumed to
be non-negative bounded and locally supported.

By Newton’s law of universal gravitation, on the other
hand, some most natural ways to define the potential function
are

Vi) = [ 4D ang vy = [ )

we |V = X| we |V = X|
The first and second measure, respectively, the net attraction
and the net potential at the location x in a gravitational field

generated by the Poissonian stars.
Thus, we propose to take

K(x) = |x|7".
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A disappointing fact is

w(dy)
RY |y_X|p

=oc0 Vp>0

which is indicated by the easy computation

w(dy) _ dy [ dy _
wd [Y = X|P Jpa |y —x[P Jga |yIP
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Renormalization

Let p > 0 be fixed and for each N, let Ky(x) > 0 be
bounded and locally supported such that Ky(x) T |x|~P
(N — o). Define the Gibbs measure Q; y as

dQy: 1 f
P ZeXp{ - 9/0 VN(Bs)dS}

Vn(x) = /d Kn(y — x)w(dy) x eRr?

The key observation is that

where

E Vn(x) = /d Kn(y — x)dy = /d Kn(y)dy = constanty.
R R
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Renormalization

Write Viy = Vi(x) — E Vjy(x). By “renormalization”

dQn ¢ 1
aP z,eXp{—Q/VN ds}

Notice that

/OTVN(Bs)dS = /Rd [/OtKN(y — Bs)ds} [w(dx) — dx]

“ConvergeS” tO

/Rd Uot lx—d—zslp] [w(ax) —ax] = / () () — o],
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Renormalization

When d ad+2
5 <p< mln{d,T}
the conditional variance
{ £(t ) [w(dx) } [ €txax

< drds
o B — B >

where the second step follows from the relation

dx 1

o X —yPlx —z]p [y — z2e—d
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Renormalization

In the remaining of the talk, we assume that

o2

d .
—<p<minsd
p {7 2

2
The Gibbs measure Q, given by

2o -0 e -o0)

is well defined and for fixed t > 0, ||Q.x — Q|lv — 0 as N — oc.
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With the Gibbs measure being defined, a natural question
is to ask the long term behavior of this model. In particular, it is
interesting to see how differently our model behaves from the
model in Sznitman’s setting.

In this talk, we discuss the long term asymptotics of the
partition function Z, given as

E exp{ — G/Rd &(t, x) [w(dx) — dx] }

with § > 0 being dependent or independent of t.
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Brownian motion in Brownian potential

We first consider the model of Brownian motion in
Brownian potential, whose trajectory is generated by the Gibbs

measure dQ 1
O gen{ -0 [ crwien)]

where W(x) (x € RY) is a Brownian sheet independent of B;.

Heuristically,

/R (L xW(dx) = /O U(B.)ds

with the (Brownian) potential function

W(dy)

ra [y — X[P

xERd.

U(x) =
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Brownian motion in Brownian potential

This model is concerned with a Brownian particle (carrying
one unit electronic charge with fixed sign) moving in an
electronic field, where W(x) symbols the spatial distribution of a
cloud of electronic charges with random +-signs..

According to Coulomb’s law, U(x) represents the net force
and the net potential, when p = 2 and p = 1, respectively, at the
location x in the field.
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Brownian motion in Brownian potential

The mathematical difference between gravitational and the
electronic fields can be substantial due to the fact one has sign
flapping and another doesn’t. On the other hand, the
renormalization in Poissonian case may link two models
together.

Theorem (Chen-Kulik (2010))

‘”“"/gtx (dx) — dx] /g X)W (dx)
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Brownian motion in Brownian potential

Theorem (Chen-Rosen (2010))
tIl)m = logE exp{ / (t, x)W(dx) }

— NoTm (”d/z r2(7> r(%) ) e

2 7(D)ra—r)

where

1
=su dxd \V4 2dx}
geg{//Rded \X—y]zP g 4xdy = | g(x)|

and Fy = {g € L2(RY); |gll2=1, Vg €?(Rr?)}.
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Super-critical case

The setting of Poissonian potential is far more complicated
due to lack of self-similarity. There are three regimes according
to the scale of 6 = 0(t).

Theorem (Chen-Kulik (2010))

1 P/d
Jim EIogE exp{ ——0/ £(t, x) [w(dx) dx}}
_ ed/P/ [exp{—[x/7} — 1+ |x|—P] i
RY

for any 6 > 0 and positive b, with bt/tﬁ — 00.
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Super-critical case

Remark 1. Taking b, = t¥/? gives

Jim t9PlogE exp{ - 0/ &(t,x) [w(dx) — dx] }
- ed/P/ [exp{—\xrp} 14 |er] dx

Notice that
d d+4-2p

p<d+2—2p

We see a substantial difference between Poisonian and
Brownian settings.
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Super-critical case

Remark 2. Recall (Donsker-Varadhan, Sznitman) that when the
shape function K(x) is bounded and locally supported,

i ‘ 2 2 2\g\ s
lim %2 log & exp{ = 0/ V(Bs)ds} = ——dg Wi (_dd>d+2
t—oo 0

where wy is the volume of the d-dimensional unit ball, and )\, is
the principal eigenvalue of (1/2)A on the d-dimensional unit ball
with zero boundary values.

In particular, we observe a shape-insensitivity in above
result.

Our result is drastically different from the one for the case
of local shape.
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Critical case

Theorem (Chen-Kulik (2010))

lim %2 logE exp{ - t‘dﬁgpe/ &(t, x) [w(dx) — dx]}

—sup{ [o(o [ 050 )~ [ wetores

where p(a) =e*—1+a(a>0).

Remark. At the deviation scale t4/(4+2)

dﬁzp/ &(t,x) [w(dx) — dx] %C/ V(B;)ds
RY
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Sub-critical case

Theorem (Chen-Kulik (2010))

lim lIogﬂz exp{ 1/2<%)H‘_2p9/dg(t,x)[w(dx)—dx}}

t—>oo t

d/ZFZ(;I))r(M) T
:/\9d+£42p<7r 2 2 )

2 (D)t

for b, satisfying b, — oo, b, = o (td/(d+2)> _

o’

Remark. For small scale b,, Poisonian potential meets Brownian
potential.
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Sketch of the proof

Proof of

1 P/d
IimglogEexp{——Q/gtx (dx) — dx}}

t—oo t

_ ed/P/ [exp{—[x| 7} 1+ x| "] ax
Rd

d
under b;/tiz — 0.
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Sketch of the proof

By Fubini’s theorem

Eexp{—p—/de/gtx (dx) dx}}
:]Eexp{/]Rd (bTeg(t,x)> }

where ¢p(a) =e™® — 1 4 a (a € RT) is a non-negative convex
function.
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Sketch of the proof

Recall that

tods

By Jensen inequality,

[ aen)ocs [ [ (2 ol
p/d
_ /Rdcp<0|2t‘p Jax = %, /Rf(#)

This leads to the desired upper bound.
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Sketch of the proof

On the other hand, let ¢ > 0 be fixed. On the event
{sup |B,| < t'/(@T2)},

t t
€ x) = / SN B BN
0

x — Byp 0 W

uniformly for all x satisfying |x| > €0'/?b/* as t — oo
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Sketch of the proof
Hence
bp/
E exp{/Rdgo(Teg(t,x))dx}
obP’ } 1
= - )d B,| < t'/(¢+2)
2ol [ () fr{ s < o)

1
= exp{ed/l’b / ol — dx}]p sup |By| < t1/(d+2)
Jinzg (\XIP> { <t }

Finally, the lower bound follows from the classic small ball
estimate

]P{ sup B, < t1/(d+2)} > exp{ — Ctd%z} = exp {o(b)}

s<t
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Sketch of the proof

Proof of

Jim 2 logE exp{ - tdﬁzpe/ &(t,x) [w(dx) — dx}}
—00 Rd

2 1
— su 9/ g(Y)d>d——/V 2d}
gefg{/uadso( za [Xx — y[P )2 Rdl glx)fdx

where we recall that p(a) =e™ —1+a
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Sketch of the proof

E exp{ e /R () [w(ax) - dx]}

=E exp {/ gp(t_dﬁ%p%(t, X))dx}
"
= E exp {tdiz /Rd go(@tdi%(tdiax))dx}

Thus, the desired conclusion follows from the following

Donsker-Varadhan type of theorem with t being replaced by
{d/(d+2)
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Sketch of the proof

Theorem (Chen-Kulik (2010))

Letvy: Rt — R' be a non-decreasing, differentiable and convex
function such that 1)(0) = 0 and that

1
/ af%pw(a)da < 00
0

Then

tiTo%'OgEeXp{/ o((e0)d }
—ok {/¢( g |xg—(yy)|de)d"‘l/ Vel )'zd"}
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Sketch of the proof

Proof of

t—oo

lim ¢ &2 logE exp{ §(t,x)W(dx)}

where

1
gefe { //Rded |x — |2P d | g(x)|
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Sketch of the proof

By Fubini’s theorem,

2
E exp{&/ g(t,x)W(dx)} =E exp{%/ §2(t,x)dx}
Rd Rd
Taking v(a) = (62/2)a? in the previous theorem leads to
1
tI|m YIog]Eexp{ /5 (t,x)d }
2
:sup{e—/{ () }d——/|Vg 2dx}
ecF L2 Jpa [ Jpa |y —x[P R
. d/2 r2(d=p\r(2=d d+272p
:Agw<w (522)r (% ))

2 r(2)re-p)
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Sketch of the proof

By scaling,

2 2 d+2—2p
o5 [ o) son s [ (5 )
R4 RY

. d+2-2, .
Replacing gaea2r by t gives

. _d+4-2p 2
lim t”#2=2 |ogE exp< —
R

t—oo

2
= N7 (Wdz/z r2<d_p>r<%) > e

This completes the proof.
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Sketch of the proof

Proof of

d4—2
b p

lim %Iogﬂa exp{ —bt1/2<—>49/Rd &(t,x) [w(dx) — dx}}

t—oo t

t
t
2
d/2r2(ﬂ)r<ﬂ) 22
:/\9d+;—2p<ﬂ- 2 2 )

2 (2 p)

under b, = o (td/ (d+2)) .
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Sketch of the proof

By Fubini,

Eexp{ _1/2<tt e /gtx (dx) — dx]}
=E exp { / go(@b‘”z +44 ng(t, x)) dx}
Here we recall ¢(a) = e=® — 1 + a. By the fact ¢(a) < (1/2)a?
E exp { /dgo(ebt_1/2<l?>d+4 ng(t, x)) dx}
g d+4-2p
<E exp {%zbt‘1 (%)2 /]Rd E4(t, x)dx}
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Sketch of the proof

By scaling right hand side is equal to

6)2 d+2—2p
E exp {E/ €2 (b;‘*“*z", x) dx}
Rd

d+2—2p

Replacing t by b{™ * in the LDP for v (a) = (6%/2)a2,

. 1 12 bt d+44—2p
“rpjgpalow exp{/Rdgo(ebt <?> &(t, x))dx}

2
/22 (—d*f’> r (—21H1> ) 2%
4 T 2 2
g NG d+2—2p (

2 (0 p)

This gives the upper bound.
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On the other hand,
K. (ebt‘/2 () e x)) dx
Il (bi)d/? /Rdgp((btt&)“fgbag(bt,x))dx

It is straightforward to verify that for any > 0, the function
q(c) = c2y(ca) is decreasing on R*. Noticing that bt #2 — 0,

gp((btt_diZ> ¥9b;‘§(bt, x)) > (btt—$> H <§)2<,0 (ebﬂg(bt, x))

for any fixed e > 0 and large t.
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Sketch of the proof

Summarizing what we have,

E exp { /Rd go(@bf”z (%) d+4472}3§(t, x)) dx}
> E exp {bt<§>2 /Rd gp(ebf1£(bt,x)> dx}

Using our general theorem with t being replaced by b, and

with 1 (a) = (£) (),
”{Ei?f %t logE exp { /Rd go(@bf”z (%) d+4472p§(t, x)) dx}

2 1
> sup {92/ wg( el) dy)dx -5 IVg(X)\ZdX}
geFy Rd e [X —y[P 2 Jpa
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Sketch of the proof

Notice v (a) T (1/2)a® as ¢ — 0. Letting ¢ — 0T on the
right hand side

, , 1 _1/2 bt d+4472p
"[El?f b, logE exp { /Rd go(@bt (T) &(t, x)) dx}

o° £(y) r 1/ , }
>sup 4 — avl dx — — Ve(x) dx
_geg{z/Rd{Rd|X—y|Py > Rd| g(x)]

o2 P2(52)r (B2 7w
:/\Qﬁtzlo <7T 2 2 )

2 (D)

That gives the lower bound.
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Thank you!
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