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>Time series and random fields are main topics in mod-
ern statistical techniques. This is because they are essen-
tial for applications where randomness plays an important
role. To describe the asymptotic behavior of certain time
series or random fields,many ways of modeling the weak
dependence have already been work out.
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>Qne of the most popular is the notion of mixing,there
exists a wide literature on limit theorems under vari-
ous classical mixing conditions such as strong mixing
condition(ot—mixing),absolute regularity (B—mixing), or
¢—mixing. Examples for such conditions to hold are in-
vestigated in Doukhan(1994) and Rio(2000). However,
many commonly used models for real-world phenomena do
not satisfy classical mixing conditions. Moreover, a main
inconvenience of mixing assumptions is the difficulty of
checking them because the calculation involves the com-
plicated manipulation of taking the supremum over two
G— algebras.
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>A reasonable question is then: how to modify the def-
inition of the usual mixing coefficients in order to catch
many more examples, without losing too much of their
nice properties?

Yy W8
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>In this paper, we propose a
measure(y—weak dependence)
metric for time series.

new dependence
under the wasserstein

[) This definition make explicit the 'asymptotic indepen-
dence’ in some sense between 'past’ and 'future’ , some
examples show that this weak dependence holds in many
cases of interest.

[I)) Our condition is much easier to compute than mixing
conditions for some financial time series models, moreover,
we can give the computable rate of convergence for the
dependence measure.

[I1)'We obtain central limit theorem of empirical process
under y—weak dependence following from the tightness
criterion given in Theorem 2.1 of Shao and Yu(1996).
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>\Wasserstein distance

Dfinition 1For probability measures u,v on a separable
metric space (U, d),the Wasserstein distance is defined as
follows:

dw (u,v) = inf{E[d(X,Y)]}, (1)

where the inf is w.r.t. all random variables X, Y with
distributions u,v. Kantorovich-Rubinstein theorem gives
a dual representation of Wasserstein distance in terms of
a Lipschitz-metric:

dw(1v) = supl [ fa(u—v)| @

i.e. sup over all fs.t. |f(x) — f(y)| <d(x,y). d being the
underlying metric on the space.
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>v— weak dependence coefficient

Definition 2 The sequence {X, },en is called y—weak de-
pendent, if there exists a sequence 0 = (8,,),cy decreasing
to zero at infinity such that for any u-tuple (iy,--- ,i,) and
any v-tuple (ji, -+, jy) with i) <. <i, <i,+r<ji1 <
-+ < jy, one has

dw (M, Vuv) = sup [ fd(tw —Vuy) < (u+v)8,.  (3)
Ifllz<1

where  u,, ~denotes the joint distribution of
(Xil7--' 7X,'“,le,--' ,X/’V) and v, =V, X Vy, here,v, and
v, are the marginal distributions of (X;,---,X;,) and
(Xj,,---,Xj,) respectively. The Lipschitz norm is defined

as follows:

|f()61,~~' ,xu)ff(yl,"' ,yu)|
ber = yul 4+ lxu = yul

I fllz= sup
(X150 Xu) (V15 3 Vu)
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Example 1 Consider real valued functional autoregressive
model:

Xn = T(anl) +nn»

if T:R — R,such that for some 0 < ¢ < 1,Vu,u’ €
RAT(u)=T )| <clu—u'|. Mn)nez is i.id. rvs., if {X;}
initialized from stationary distribution Xp, and satisfy
E|Xp| < oo, then (X,)nez is y—weak dependent.

In fact, let (X/,---,X]) is independent and identical
distributed with (X;,---,X;,) , and (X],---,X] ) is in-

iy 17'
dependent of (N,)nez . Denote X, =T (X! ,)+MNy,n >
iy+1, then

dw (i, Vur) S E|X} =Xy [+ +E|X} —X;,| <2v¢"E|Xo|.

So we can take 6, = 2c"E|Xp|.
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Example 2 For non-strong mixing Markov chain

Xn = (anl +T]n)/2a
where (M,)p>0 is iid., P(Mo=0)=PMo=1) =1/2.
If E|Xp| < oo, then (X,)nen is Y—weak dependent, here
0, = 2E|Xo| 5«
Example 3 Consider random coefficient autoregressive
model:

Xp =cM—1)X—1 +8(Mi—1),
where {1, };>1 is i.i.d. r.v.s.and independent of Xy. If {X;}
initialized from stationary distribution, p = E|c(n,)| <
1,E|Xo| < oo, then {X;},;> is y-weak dependent, where
0, = 2E|Xo|p".
Example 4 Let (g;);enbe a sequence independent random

variables, F isa measurable fuction, (X;);en is a amrkov
chain and defined as follows:

Xn+1 = F(Xn,8n+1), (4)
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Suppose the initial distribution X is independent of
(€)ien, and F satisfy forsomea>1,0<a< 1,

E|F(0,1)|" <o, E|F(x,81) = F(y,&1)|* < o’[x—y[*. (5)

Duflo show that under the condition (5) Markov chain
(Xi)ien have stationary law with finite moment of order
o. Suppose Markov chain (X;);en initialized from station-
ary law, if E[Xg|* < oo, then {X;};>; is y-weak depen-
dent, hereB, =2(a)"E|Xp|°.

Example 5 A simple bilinear process with recurrence equa-
tion

X; = aX; ' +bX; M M
If {X;} initialized from stationary law Xp, and satisfy

c=Ela+bno| < 1,E|Xo| < oo, then {X;},>1 is y-waak de-
pendent, here 8, = 2c"E|Xp)|.
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Let {Y;};cz be a real-valued stationary process. The em-
pirical process of the sequence {Y; };cz at time n is defined
as ﬁEn(x), where

En(x) = kil(l(Yk<x) _P(Yk < x))

We consider the following convergence result in the Sko-
horod space D([0, 1]) when the sample size n tends to
infinity:
1 _
ﬁEﬂ (x)iB(x).

Here B(x) denotes a centered Gaussian process with co-
variance given by
EB(x)B(y)= Y}, (P(Yo <x,Yi <y)—P(Xo <x)P(Y; <y)).

k=—o0
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Theorem Let(Y;);cz be a stationary y— weak dependent
sequence, if there exists constant C > 0,a > 5 such that
0, < Cr~“. Then the following empirical functional con-
vergence holds true in the Skohorod space of real-valued
cadlag functions on the unit interval, D([0, 1]):

%En (x) d B(x).
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We use a quantile transform to obtain that the marginal
distribution of this sequence is the uniform law on [0, 1].

Lemma 1 Assume that(Y;);cz is a stationary sequence and
the density of ¥; are bounded by Cy, For s < #,s,¢ € [0,1],
denote g;s(x) =1{x <r} —1{x <s}. Leti= (i1, -~ ,iu) €
Zuvj = (jlv"' 7jv) ezv’ and i1 <--- <, < Iy +r<ji1 <
-+ < jy. Let G and Hbe two bounded Lipschitz functions
on R" and R" respectively. Denote ¥; = (¥; Y,). If
(Y:)icz is Y—weak dependent, then

(Cov(Glgis (1)), H(g(¥)))]
< 2/2G (u+v)(| H |l Lip(G)+ || G |- Lip(H))67

127"
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Lemma 2 If (X,)qen is a sequence of centred r.v.s., then

n—1 n—1
ESy<4{(n Y Cra)+nY (r+1)°Ca}.
r=0 r=0

Here,
Cr,q = sup |C0V(Xll v 'le’le+1"'qu)|a

where the supremum is taken over all {#,--- ,,} such that
1<y <--- <ty and m,r satisfy typ1 —ty =r.

Introduction

Notation and Definitions
Examples
An Empirical Process. ..

15Page of 20Pagf|
44 144 |
4 > |
=]

Search |
Close |

Central Limit Theorem
for Empirical Process
under New Dependent
Coefficient
by Huang Xudong

k July, 2008 J



http://stat.ecnu.edu.cn
http://www.uni-frankfurt.de/~muehlich/tex/texindex.html
http://www.uni-frankfurt.de/~muehlich/tex/texindex.html
http://www.uni-frankfurt.de/~muehlich/tex/texindex.html
http://www.uni-frankfurt.de/~muehlich/tex/texindex.html

Denote

J€{0,....n}

Let p(n) and g(n) be sequences of integrers such that
p(n) = o(n),q(n) = o(p(n)). Assume that k = [n/(p+
Q)l,r=n—k(p+gq), for i =1,--- kwe define the inter-
val P={(p+q)i—1+1-,(p+qi—gq}, if r#0,
Peoi={(p+qk+1,-,(p+qk+rVp}O the set of
indices that are not in one of the P;.Note that the cardinal
of Qis less than kq. Denote K = {1,2,:-- ,k+ 1}. For each
block P;(1 <i<k+1) and Q, we define the partial sums:

1 1
ui:ﬁZanj, V:%Z(ijj‘.

JEP; JjeQ
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Lemma 3 Let S, =n2 Yy
Jj€{0,....n}
stationary r.v.s.. Seto? = VarS,. Suppose that:

(i)

o;X; be a sum of centred

1
lim —Ev* =0. (6)

n—so0 Gn
(ii)For any t € R,
t t
Y [Cov(g(— Y w),h(—u;))|—0. (7)
jek On jeki<j On

where i and g be one of the trigonometric functions x —
COSX,X — SInX.

(iii)For any € > 0,

1 )
JE?OCT%[;(EW H{|ui| 2 €0,} =0 (8)
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(iv)
. 2
lim — Y Eu|> = 1. (9)

n—oo Gn =

Then i—” converges in distribution to a Gaussian
n

N(0, 1)—distribution.
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