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Abstract and Basic Results

Let X ε
n be an aperiodic irreducible Markov Chain on a finite

set S with transition function pε = pi,jε
U(i,j)(1 + ◦(1)) where

0 ≤ U(i , j) ≤ ∞ will be referred to as a cost function. We
assume pi,j = 0 if U(i , j) = ∞ and let µε be the invariant
distribution of X ε

n. It is well-known that there are constants
h(i) ≥ 0, βi > 0 such that

limε↓0µ
ε(i)/εh(i) = βi for any i ∈ S.

Let S = {i ∈ S, h(i) = 0}. (set of minimal states.) Then,

E εT ≈ εδh for small ε.

Here T is the hitting time of S and the expectation is
from the invariant distribution.
E εTi ≈ εδv where i is any fixed state in S.



Short Paper
Title

Author,
Another

abstract and
motivation

Ventcel
Graphs

Main Results

Previous
Results using
cycles

Continued abstract...
Crucial constants

The problem we wish to address is to use Ventcel graphs
(minimal spanning trees) to describe the constants

h(i), δh and δv .

All these constants have been discussed before using
the so called cycles..
Conceptually easy through "cycles".
Hard in real computation.
X ε

n does not converge to X 0
n . Hence a singular

perturbation.
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Motivation and Ising model as an example

Take the Ising model as an example. Let u(i) be the energy
of a state i ∈ S. At temperature T, the probability being at i is

PT (i) ∝ exp(−u(i)/T ) (PT (i) = 1/Z · exp(−u(i)/T ))

where
Z = Σiexp(−u(i)/T ).

In general, it is difficult to find the ground states of this
enengy landscape. One way to find them using computers is
the following.
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Motivation Continued

To run a Markov chain X T
n on S with transition

PT
i,j = pi,jexp(−(u(j)− u(i))+)/T , j ∈ N(i).

where N(i) is a neighborhood system of u and usually
contains very few states.
u(j)− u(i) is easy to compute. NOT u(i).
P(X T

n ∈ ground states) → 1 for small T .
Example. In the Ising Model,
u(i) = −Σ|b−b′|=1j(b, b′)i(b)i(b′). Here b, b′ are lattice
points and i is a configuration. i(b) = 1 or− 1.
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Ventcel graphs

To be moer general,let u(i , j) be a cost function on S × S
and let W ⊆ S.

Definition. A W-Ventsel graph is a function g from
S\W to S with no cycles.
Definition. For a W-graph V (g) = Σi∈S\W u(i , g(i)) is
called the cost of g.
Definition. A W-graph g is called W-optimal if
V (g) ≤ V (g′) for any W-graph g′. We use v(W ) for the
value V (g) where g is W-optimal
Definition. For any positive integer k , let
v(k) = min{V (g), g is a W-graph with |W | = k}.
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Main Results

Our main results are as follows.
(1) h(i) = v({i})− v1

(2) δv = v1 − v2 and
(3) δh = vk0−1 − vk0 where k0 = min{k :
there exists an k opitmal W-graph with W 6⊂ S}.
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Previous Results using cycles

For a cost function u(i , j), let V (i) = minj 6=iu(i , j).
For two states i , j ∈ S, we say i ≥ j if there exists
i0 = i , i1, ...im = j such that u(ik , ik+1) = v(i) for each k.
i is minimal if i ≥ j implies j ≥ i .
Two different states i , j are said equivalent if i ≥ j and
j ≥ i and i , j are minimal. Each equivalent class is called
a "cycle".
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Cycles continued

Let S0 = S, u0 = u and V 0 = V . Let S1 = all cycles of S0.
Hence if C1 ∈ S1, thenC1 = {C1

i }i where C1
i ∈ S0. Let the

depth of C1 be defined as d(C1) = max{V 0(C1
i ) : C1

i ∈ C1}.

Definition.
u1(C1, C̄1) = d(C1) + mini,j{u0(C1

i , C̄1
j )− V 0(C1

i )}.

S1, u1 and V 1 forms a new cost function where
V 1(C1) = minu1(C1, C̄1), C̄1 6= C1.
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Cycles continued

The process will end at some N.
For each state i ∈ S, there will be a sequence of cycles
i = C0 ∈ C1 ∈ C2 ∈ ... ∈ CN . (The family tree of i.)
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Cycles continued

The constants can be defined as follows.
S = {i ∈ S, h(i) = 0 where h(i) =
Σndn(Cn+1)− V n(Cn)}.
δh = max{V k (Ck ), Ck ∈ Sk , Ck ∩ S̄ = φ}.
δv = max{V k (Ck ), Ck ∈ Sk , i0 6∈ Ck} where i0 ∈ S is
fixed.
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