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1 Motivation
• The estimation of ruin probabilities is a central topic in risk theory.

It is known that if the claim sizes have exponential moments (i.e.
so-called small claim case), the ruin probability decrease exponen-
tially with the initial surplus, see, for instance, Asmussen[1]. But
when there is a stochastic return on investment, the situation may
be different.

• Kalashnikov and Norberg[12] have investigated the problem un-
der the additional assumption that all the surplus is invested in the
risky market, likewise did by Paulsen and Gjessing [13], Frovola,
Kabanov and Pergamenshchikov[14]. In all of these cases it was
shown that, even if the claim sizes are small claim size, the ruin
probability decreases only with some negative power of the initial
surplus. Thus, for large capital, investing more than the surplus into
the risky market can not be optimal.
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Thus, one problem is : if an insurer has the opportunity to invest in a
risky market, what is the minimal ruin probability she can obtain? In
particularly, can she do better than keeping the funds in the bond? And
if yes, how much can she do better?
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• In classical risk model or perturbed classical risk model, the ruin
probability (denoted by Ψ̃(x)) has the following exponential upper
bound

Ψ̃(x) ≤ e−Rx, (1.1)
where x is the initial surplus and R is constant, namely, adjustment
coefficient.

• Whether there are constant R such that the aforementioned upper
bound holds for the minimal ruin probability ( so-called value func-
tion, denoted by Ψ(x)) under the optimal investment strategy? Of
course, there always is the possibility not to invest at all, resulting
in an exponential bound for the ruin probability Ψ(x).

• We want to find the optimal (i.e. the largest) coefficient R such that
(1.1) holds true for Ψ(x). That is to say we want to find the tightest
upper bound for our value function.
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It turn out that R is determined by a similar equation defining the Lund-
burg adjustment coefficient. The trading strategy corresponding to this
optimal R is to invest constant amount of surplus in the risky mar-
ket, independent of the current level of the surplus. It is shown that this
constant strategy is asymptotically optimal, respectively asymptotically
unique, in the sense that every “asymptotically different ” Markovian
strategy yields an exponentially worse decay of the ruin probability.
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2 Model and assumptions
• In this paper, the surplus process is given by

St = u + pt + Πt −Xt + σWt. (2.2)

• It is assumed that Πt =
∑N1

S(t)
i=1 Pi, Xt =

∑N2
S(t)

i=1 Ci, where N1
S(t), N2

S(t)
are two Poisson processes with parameters λ1, λ2. {Pi, i ≥ 1}, {Ci, i ≥ 1}
are two sequences of i.i.d positive random variables.

• Usually, it is assumed that {Xt, t ≥ 0} is the thinning process of {Πt, t ≥
0}. For simplicity (without losing generality), {Πt, t ≥ 0} and {Xt, t ≥ 0}
are assumed to be independent in this paper. {Wt, t ≥ 0} is a standard
Brownian Motion and is independent with {Πt, t ≥ 0} and {Xt, t ≥ 0}, σ
is a positive constant.
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Assumption on financial market

• We assume that the standard assumptions of continuous-time finan-
cial models hold, that is

1. continuous trading;
2. no transaction cost or tax is involved in trading;
3. all assets are infinitely divisible.

• The price of the risky asset is assumed to follow the stochastic dif-
ferential equation

dP (t)

P (t)
= dZt = αdt + βdBt, α > 0, β > 0, t ≥ 0. (2.3)

Here {Bt, t ≥ 0} is a standard Brownian Motion, and Process S =
{St, t ≥ 0} and Process Z = {Zt, t ≥ 0} are assumed to be
independent.

• Denote by F = {Ft}t≥0 the smallest filtration satisfying the usual
condition such that the process S = {St, t ≥ 0} and Z = {Zt, t ≥
0} are measurable.
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Assumptions on investment strategies

• Let {At} denote the amount invested into risky market at time t, we
allow that the company invests more than its current surplus into
risk market.

• The strategies {At, t ≥ 0} have to be predictable w.r.t. Ft and the
admissible set is

A=
{

A = (At)t≥0: A is predictable and P
[∫ t

0 A2(s)ds < ∞
]

for

all t ∈ [0,∞)
}

.

• In this paper, we focus on the Markov control, i.e.

At = A(Y A,b
t− ), (2.4)

where A(·) is called the defining function of the Markov strategy
At.
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3 Problem and main results
• The dynamic of the risk process of the insurer with such investment

strategy is given by

dY x,A
t = [αAt + p]dt + σdWt + dΠt + AtβdBt − dXt,

Y x,A
0 = x. (3.5)

The time of ruin with initial surplus x and strategy A is

τ (x, A) = inf{t ≥ 0 : Y x,A
t < 0} (3.6)

and corresponding ruin probability is

Ψ(x, A) = P(τ (x, A) < ∞). (3.7)

The value function is

Ψ(x) = inf
A∈A

Ψ(x, A). (3.8)

http://www.amss.ac.cn
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• Let R(A) be the solution to equation

1

2
(σ2+A2β2)r2+λ1[MP (−r)−1]+λ2[MC(r)−1]−(p+αA)r = 0.

(3.9)
This is the Lundburg exponent in the case of a constant strategy A.
The Lundburg exponent for our problem is R = sup R(A).

• One can finally find that R is the solution to

1

2
σ2r2 + λ1MP (−r) + λ2MC(r) = λ1 + λ2 + cr +

1

2

α2

β2 (3.10)

and the optimal constant strategy is A∗ = α
β2R

.
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• Lemma 1. Condition on the aforementioned R and A∗, Mt :=
exp{−RY x,A∗

t } is a martingale and

Ψ(x) = inf
A∈A

Ψ(x, A) ≤ Ψ(x, A∗) ≤ e−Rx. (3.11)

• Definition Let 0 < r < r∞ be given. We say that C has a uniform
exponential moment in the tail distribution for r, if the following
condition holds:

sup
y≥0

E
[
e−r(y−C)

∣∣C > y
]

< ∞. (3.12)

http://www.amss.ac.cn
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Lemma 2. Assume that C has a uniform exponential moment in
the tail distribution for R. Then for each A ∈ A, the process
(exp{−RY x,A

t })t≥0 is a uniformly integrable submartingale.

Lemma 3. For arbitrary A ∈ A and x ∈ (0, +∞), the surplus process
Y x,A

t converges almost surely on {τ (x, A) = ∞} to ∞ for t →∞.

http://www.amss.ac.cn
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Theorem 4. Assume that C has a uniform exponential moment in
the tail distribution for R. Then the ruin probability satisfies , for every
admissible control process A(t) ∈ A,

Ψ(x, A) ≥ Le−Rx, (3.13)

where

L = inf
y≥0

∫∞
y dGC(u)∫∞

y e−R(y−u)dGC(u)
=

1

sup
y≥0

E[e−r(y−C)|C > y]
> 0. (3.14)
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Motivation

Model and assumptions

Problem and main results

Home Page

Title Page

JJ II

J I

Page 14 of 19

Go Back

Full Screen

Close

Quit

Lemma 5. Under the conditions of Theorem 4, if there exists ε > 0
and xε ≥ 0 such that

|A(x)− A∗| ≥ ε for all x ≥ xε, (3.15)

then there exist rε and Aε such that

Ψ(x, A) ≥ Aεe
−rεx. (3.16)

http://www.amss.ac.cn
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Theorem 6. Under the conditions of Theorem 4, Let Ã(·) be the
defining function of the optimal investment strategy Ã. If this func-
tion has a limit for x →∞, then this limit is given by

lim
x→∞

Ã(x) = A∗. (3.17)

http://www.amss.ac.cn
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Remark 1. What can we say from Theorem 6? One can find that
when the surplus x tends to ∞, the optimal strategy tends to choose
the constant strategy A∗. Obviously, when the surplus is very large,
such strategy is a very conservative investment strategy. So from The-
orem 6 we know that minimizing the ruin probability is an extremely
conservative approach for the insurers.
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