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M: connected non-compact complete Riemannian manifold.

L =A+VV,u(dz) = ¢"@dz is a probability measure for
some V € C*(M).

P; the associated symmetric diffusion semigroup.
Log-Sobolev inequality:
(LS) u(f?log f?) < Cu(IVfP), w(f*) =1

In the present case, (LS) holds for some C' > 0 if and only if
P, is hyperbounded (L. Gross, B. Bakry...):

(H) ”}DtHLz(,u)—»L‘l(u) < oo for some t > 0.
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Bakry-Emery 84: Ric — Hessy > K > 0= (LS).

M.-F. Chen-Wang 97: liminf, . {Ric — Hessy'} > 0=
(LS). po is the Riemannian distance to a fixed point o € M.

Wang 97, 01: (LS) holds if Ric — Hessy > —K for some
K >0 and p(e*s) < oo for some A > K/2. Consequently, if
Ric — Hessy > 0 then (LS) < (%) < oo for some & > 0.

X. Chen-Wang 07: for any K > 0 and ¢ < K/2, there exist
examples such that p(e5) < co without (LS).

Proofs are based on the fact

Ric — Hessy > —K < |VP.f| < &tP|Vf].

Aim: investigate (LS) for unbounded below curvatures.
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Is a condition on Ric—Hessy reasonable in the study of (LS)?
Do Ric and —Hessy play the same role for (LS)?

Small distance behavior: Let X; be the L-diffusion pro-
cess with Xog = . For Z € T, M let Z; € Tx, M solve the
differential equation

d .
DtZt = //Oﬁta//tﬁozt = —(RlC — HeSSV)(Zt), ZO =Z.

Then (Bismut-Elworthy-Li formula)

(VRS Z) = E(V f(X4), Zy)-

In particular, Ric — Hessy > — K implies

|VP.f] < KRV .

So, for short distance behaviors conditions on Ric — Hessy
are reasonable.
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Long distance behaviors:
Ric > —K, —Hessy > —0 for some K,J € R,

Po = p(0°).
(a) Second variational formula implies

Lpo < /K@ =1) coth [ K/{d—1) po] +8p0 + [VV (o).

(b) Coupling by parallel displacement (X, Y;)

(‘; (X,,Y:) < 2/K(d— 1) tan h[ (X, ¥i) K/(d—l)]

(c) Volume comparison theorem implies

w(B(o,7)) < cexp[/K/(d — 1) r + 6r?].



Log-Sobolev
Inequalities
for Diffusion
Processes
with
Unbounded
Below
Curvatures

Feng-Yu
Wang
Contents
Framework

Known
results

The
Question

Main result

The proof

Supercontrac

Conclusion: Conditions on Ric — Hessy, are not reasonable
for long distance behaviors.

Since the log-Sobolev inequality always hold on compact do-
mains, it is most likely a long-distance behavior of the process.
Therefore, below we suggest conditions on Ric and —Hessy
respectively, rather than on Ric — Hessy as before.

Main question: Given a lower bound of —Hessy/, find the
weakest possibility on lower bound of Ric such that (LS)
holds.

Since (LS) implies 11(e5#%) < oo for some & > 0, it is reason-
able to assume —Hessy is positive for large p,.
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Let

(2.1) — Hessy > § outside a compact set

and

(2.2) Ric > —(c+ o?p?) for some constants 4, g, c > 0.

(1) If (2.1) and (2.2) with § > (1 ++/2)ov/d — 1, then (LS)
holds.

(2) For any 0,8 > 0 such that § < o+/d — 1, there exist ex-
amples such that (2.1), (2.2) hold but (LS) does not.

Let rg be the smallest positive constant such that for any
M and V with p a probability, conditions (2.1), (2.2) with
0 > rooy/d — 1 imply (H). We have

ro € [1,1+ V2.

Exact value of rg is unknown.
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T where p? is involved.
Unbounded
Gt Theorem
F;gg;]}g'“ Assume that —Hessy > § outside a compact set and
Contents Ric Z _(C + 0-2pg)
Framework
- hold for some §,0,¢ > 0 with § > (1 + v/2)o/d— 1. Then
S there exist C > 0 and o > 1 such that
Main result C > >
I (Prf)* < (Prf())exp | 5p(z,y)" + C(T + po(2)7)

Supercontrac

racon- holds for all x,y € M,T > 0 and nonnegative f € Cy(M).
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By volume comparison theorem, conditions (2.1) and (2.2)
imply u(e)‘pg) < oo for some A\ > 0. By the above Harnack
inequality for a = 2 and large enough 7" > 0, we have

(Pri@))? < Prf*(@)esp [ po(w)? + CT + Cr(Tpo(aV]

for all f with u(f?) = 1. Hence,

(Prf (1) *u(expl-Co(T)o3)) < exp [0T+2po( 7]

Thus, ||PT||A21—>4 < 02( exp[)\p ]
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In general, given a function v (positive at infinity), one may
try to find optimal lower bound of curvature such that

—Hessy > v0 p,

implies (LS). For stronger « one may also derive the following
stronger supercontractivity and ultracontractivity:

(S) || Ptlla—4 < oo for all t > 0.

(U) || P]l1—00 < o0 for all ¢ > 0.
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(R6ckner /Wang 03) Assume Ric — Hessy > —K for some
K > 0.

(1) P, is Supercontractive < p(e™%) < oo for all A > 0.

(2) P is Ultracontractive < || Pe*?||o < oo for any ¢, A > 0.

Example

Let Ric be bounded below, V. = —p®log®(1 + p,) for some
6, > 0.

(1) (LS) & 6 > 2.
(2) (S) & either 6 >2 or 6 =2,a > 0.

(3) (U) & either § > 2 or 6 =2,a > 1.
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Since (S) or (U) = u(e*s) < 0o, A > 0, we assume
(3.1) — Hessy > ®op,

for some increasing function ® with ®(r) 7 oo as r | oo.
Let W be a strictly positive increasing function such that

(3.2) Ric> —T o p,.

Theorem

P, is supercontractive if
Jo ®(s)ds
VU(r+c)(d-1)

and is ultracontractive if furthermore

>1+v2, ¢>0;

liminf, _,

> dr
— < Q.
/1 VYT ®(s)ds
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Example

Let 0,0 > 0 and ®(s) = log? (1 + 5), U(s) = 0252 log? (s + 1).

Ifo <1/(14+v2)Vd—1) then (3.1), (3.2) imply (S).
If moreover 6 > 1 then (U) holds and

Pl 2ty oo ) < €xP [e1 + exp(eat =/ O]

for some c1,¢c0 >0 and all t > 0.
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Thank You !



