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SLE is a shorthand for Schramm-Loewner evolution or stochastic
Loewner evolution. It is introduced by Oded Schramm in 1999,
which combines Karl Lowner's equation in 1923 in Complex
Analysis with some stochastic driving term. SLE becomes a fast
growing area in the past several years, and is developed by many
people: Oded Schramm, Wendelin Werner, Gregory F. Lawler,
Stanislav Smirnov, Stephen Rohde, Scott Sheffield, Julien
Dubédat, Robert Bauer, M. Bauer, D. Bernard, and others.
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Chordal SLE

There are several versions of SLE. The chordal SLE is defined by
solving the chordal Loewner equation:

Sree) =~ i) == (1

with U(t) = /kB(t), where k > 0 and B(t) is a standard linear
Brownian motion. Let H = {z € C:Imz > 0}. For any fixed

z e H, (1) is an ODE in t with initial value. Let 7(z) > 0 be such
that [0, 7(z)) is the maximal interval on which the solution

t — g(z) exists.
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Chordal SLE

Fort >0, let Ky = {z € H: 7(z) < t}, i.e., the set of z € H such
that g:(z) blows up before or at time t. So g; is defined on

H: :=H\ K;. It turns out that g maps H; conformally (univalent
analytic) onto H, fixes oo, and satisfies g¢(z) = z + % + 0(1/2?)
as z — oo. The set K; is a random fractal. And g; ! extends
continuously to R. Let 3(t) = g; }(U(t)). Then § is a continuous
curve in H that satisfies 3(0) = 0 and lim¢—_, 3(t) = co. Such 3
is called a standard chordal SLE, trace.
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Chordal SLE

The & in the driving function U(t) = /kB(t) can not be
eliminated by changing variables. In fact, the SLE, trace behaves
differently for different values of . If k € [0,4], then (3 has no self
intersections, and stays inside H except for the initial point

£3(0) = 0. In this case, we have K; = 3((0, t]), and

Hy =H\ 5((0, t]). If K > 4, then [ intersects itself and R
infinitely often. In that case H; is the unbounded component of
H\ 5((0, t]), and Ky = H\ H;. The Hausdorff dimension of the
trace is min{1 + x/8,2}. There is another phase change at k = 8.
For k > 8, every point in H will be visited by the trace.
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Conformal Invariance

If D C Cis a simply connected domain with two boundary points a
and b. There is W that maps H conformally onto D such that
W(0) = a and W(oo) = b. Then W o 3 is called an SLE, trace in
D from a to b.

From the definition, it is clear that SLE satisfies the conformal
invariance property. This property is interesting if combined with
the next property.
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Domain Markov Property

We explain the domain Markov property (DMP) for the standard
chordal SLE,; trace. Let 3(t) be a standard SLE, trace. Let H; be
the unbounded component of H \ 5((0, t]). Suppose T is a finite
stopping time, then conditioned on 3(t), 0 <t < T, B(T + t),

t >0, is an SLE, trace in H; from (3(t) to oo. In another word,
this means that (g7 (3(T + t)) — U(T), t > 0) has the same
distribution as (8(t),t > 0). Note that z — gr(z) — U(T) maps
H; conformally onto H, fixes oo, and takes 3(T) to 0. In fact, the
conformal invariance and domain Markov property determines SLE
up to the parameter k > 0.
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Lattice Models

SLE is interesting because on the one hand SLE is a rigorous math
model, and is computable; on the other hand, SLE is conjectured
or proved to be the scaling limits of some two dimensional lattice
models. These convergence combined with conformal invariance of
SLE imply that some lattice models satisfy conformal invariance in
the scaling limit. Physicist have these conjectures for many years.

Dapeng Zhan Reversibility of Chordal SLE



Lattice Models

So far, people have proved the following results. The interface of
the critical site percolation on triangular lattice converges to SLEg.
The loop-erased random walk converges to SLE,. The boundary of
uniform spanning tree with certain boundary conditions converges
to SLEg. The contour line of Gaussian free field converges to
SLE,4. The interface of FK Ising model at critical temperature
converges to SLE3. And it is conjectured that self-avoiding walk
converges to SLEg)3.
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Reversibility

The convergence of these lattice models imply that SLE, trace is
reversible for k = 6,2,8,4,3,8/3. This means that if 5 is an SLE,
trace in D from a to b, then the reversal of 3 has the law as an
SLE, trace in D from b to a up to a time-change. The reversibility
of SLEg3 is proved using restriction measure.

S. Rohde and O. Schramm conjectured that chordal SLE,; trace is
reversible for any x € [0, 8]. There are some signs that show that
this is not true for x > 8.

Dapeng Zhan Reversibility of Chordal SLE



The Goal

In this talk | will explain the proof of the reversibility of chordal
SLE, trace when x € (0,4]. The case k € (4, 8) is still open now.

The main idea is to construct some coupling measure of two SLE
processes. We will find a coupling of SLE,; from a to b with
another SLE, from b to a such that every point in one trace is
almost surely visited by the other trace.
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Some Observations

Suppose k € (0,4]. Let's see what will happen if we assume that
SLE, trace is reversible. Let v; be an SLE,; trace in D from a to
b. Let 7, be the reversal of ;. Then =5 is an SLE trace in D
from b to a. Suppose t, is a stopping time w.r.t. 72. From DMP
of SLE, conditioned on v»(t), 0 < t < tp, the part of v, after t; is
an SLE, trace in D\ 72((0, t2]) from ~,(t2) to x1. Using the
reversibility again, we see that the part of ; before it hits

72((0, t2]) is an SLE trace in D\ 72((0, t2]) from x; to v2(2). A
symmetric result holds for any stopping time t; w.r.t. 7.
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Let x1 #x2 € R. For j = 1,2, let 3; be an SLE, trace in H from
xj to x3_j. Suppose f3; is independent of 3. Let 1 denote the law
of B;. Then = p1 x po is the joint law of 81 and .

Let 1 have the same law as 31, and 2 be the reversal of v1. Let
v = (v1,12) denote the joint law of 41 and 7.

From conformal invariance, we suffice to prove that ~» has the
same distribution as (.
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Pair of Hulls

Let HP denote the set of pairs of hulls (Hy, H>) in H such that H;
contains a neighborhood of x; in H, j = 1,2, and H; N H> = . Let
Ti(H;) denote the first time that §; or ; hits H \ H;. Then T;(H;)
is an (F!)-stopping time, where (F!) is the filtration generated by
Bj or vj. And we have 0 < T;(H;) < T;.
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Absolute Continuity

Fix (H1, H2) € HP. It is reasonable to believe (and in fact it is
true) that the joint law of 71 and v, up to the time T;(H;) and
T2(H,) is absolutely continuous w.r.t. the joint law of 3; and [,
up to the time T1(H1) and T2(Hz). Let RN denote the
Radon-Nikodym derivative.

Dapeng Zhan Reversibility of Chordal SLE



Two-Dimensional Martingale

For t1, t2 € [0, 00), define
MHl,Hz(t17 t2) — E [RN’Ft:'I;_/\Tl(Hl) X ft‘22/\T2(H2)]‘

Then for any fixed t1, My, 1, (t1,-) is an (FE x F7)e>o-martingale,
and for any fixed tp, My, (-, ©2) is an (F} x F2)e>0-martingale.
We call such My, p, a two-dimensional martingale.

On the other hand, if we know the martingale My, p,, then we can
use 1 and (3, to construct the joint law of «; and 7, up to T1(H:)
and T2(H2).
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Two-Dimensional Local Martingale

Let D denote the set of (t1, t2) € [0, T1) % [0, T2) such that
B1((0, t1]) N B2((0, t2]) = 0. For t, € [0, T), define T1(t2) be the
maximal such that (t,t) € D for 0 < t < T1(t2). Similarly, we
define To(t1) for t; € [0, T1).

Theorem

There is a random positive continuous function M(ty, t2) defined
on D such that for any (Hi, H2) € HP, the restriction of M to
[0, T1(H1)] x [0, T2(H2)] agrees with the My, p, that we are
looking for.
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More explicitly, M satisfies the following properties.

1. M(t1,0) = M(0,t2) = 1 for any t; € [0, T1) and t» € [0, T7).
This conditions is to ensure that the marginal law v; = p;.

2. For any (Hi, H2) € HP, In(M) is uniformly bounded on

[0, Tl(Hl)] X [O, T2(H2)].

3. For any (F?2)-stopping time & < Tp, M(t, ), 0 < t < T1(%),
is an (F} x fi)tzg—local martingale. A symmetric result holds for

any (Fl)-stopping time t; < Tj.

And most importantly, we have

Dapeng Zhan Reversibility of Chordal SLE



4. Fix (H1, H2) € HP. Suppose the joint law of a1 and ay is
absolutely continuous w.r.t. the joint law of 31 and (> up to time
T1(H1) and T»(Hz), and the Radon-Nikodym derivative is
M(T1(H1), T2(Hz)), then for any (F2)-stopping time

tr € [0, T1(H1)], conditioned on ]—}22, aq up to time T1(Hp) is a
part of an SLE,; trace in H \ ax((0, t2]) from x1 to y2(t2). A
symmetric result holds for any (F})-stopping time ; € [0, T1(H1)].
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Local Coupling

The above theorem is proved by directly constructing M and
checking its properties. Once the formula of M is written down,
there is no difficulty in computation. We mainly use Ito’s formula
and Girsanov's Theorem.

Using 1, (2, and M, we may construct the joint law of 1 and 7,
up to T1(H1) and Ta(H,), for any (Hi, H2) € HP. Now the
problem is how to construct the global joint law of v; and ~».
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Simple Observations

Since f; is independent of 5», so 81 and (> do not have “many”
intersections. On the other hand, 1 overlaps with 2. Thus the
global joint law of «; and ~» is not absolutely continuous w.r.t.
that of 51 and B2. This means that we can not extend M to a
two-dimensional martingale defined on [0, T1] x [0, T2]. However,
we may extend part of M to a two-dimensional martingale defined
on [0, T1] x [0, T3], and preserve the information of M as much as
we need. This is the theorem below.
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Constructing New Martingales

Theorem

Let (H{‘, Hé‘) € HP, 1 < k < n. There is a bounded positive
two-dimensional martingale M, defined on [0, cc] x [0, o] such
that M. (t,0) = M,(0,t) =1 for any t > 0, and M, = M on
[0, T1(HE)] x [0, T2(HX)] for any 1 < k < n.
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Proof. Here we mainly explain the construction of M,. Write Tj"
for 'I'J-(I-IJ!‘),J': 1,2, 1< k<n.

There is S C {1,...,n} such that
Um€5[07 Tlm] X [07 T2m] = UZ:I[Oa Tlm] X [O) T2m]

We may choose S that minimizes ) _sm. Then such S is
unique. Note that S is a random set.
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There is a map o from {1,...,|S|} to S such that

Tf(l) < T{f(z) < < Tla(‘SD;

oW S 7o@ o s olsh,

Define T7(© = 7205 — g and 77 = 7705 — o Then
778 and 770, 0 < k,1 < |S| + 1 divide [0, 00]? into (| S| + 1)2
small rectangles.
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Fix (t1,t2) € [0,00]?. Thereare 1 < k; < |S|+1and 0 < ky < |S|
such that

Tf(klfl) <t < -,-1U(k1)7 T2U(k2+1) <t < -,-2U(k2)'

If k1 < ko, let
M*(tl, t2) = M(tl, tg).

It k1 > ko + 1, define M*(tl, t2) =

M( T{’(kz)’ t2)M(Tf(k2+1), Tzﬂ(szrl)) Mt Tg(kl))
o(k: o(ky+1 o(ki—1 o(k :
M(Tl(z)’Tz(er ))---M(Tl(l )’Tz(l))
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Note that if ky < ky, then t; < T7) < 77 ang 1, < T70),
So (t1, 1) € [0, T7¥)] x [0, T2, Then M, (11, 1) = M(t1, 1)
ensures that M, = M on [0, T¥] x [0, TX] for each 1 < k < n.
That M,(t,0) = M,(0,t) = 1 for t > 0 follows from the similar
property of M.
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The proof that M, is a two-dimensional martingale is not trivial.
Here we only give a rough idea. Note that if t; is fixed then
M, (-, t2) is defined piecewise. For Tf(kl_l) <t < Tla(kl), we have

M, (t1, 1) M(ty, TSty

M*(Tf(klfl), t) o M( -,-if(klfl)7 Tg(k2+1))'

So roughly speaking, M,(t1,t2), t1 € [Tf(krl), Tf(kl)], is a
martingale. Since [0, 0] is the union of [Tla(kl_l), Tf(kl)], so
M, (t1,t2), 0 < t; < o0, is a martingale. O
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Coupling Measures

Let HP,. denote the set of (Hi, Ho) € HP such that for j = 1,2, H;
is a polygon whose vertices have rational coordinates. Let

(HK, HX), k € N, be an enumeration of HP,. For n € N, let M” be
the M, in the above theorem with (Hf, H2k) 1< k< n, beasin
the above enumeration.

For n € N, define v" = (v, v5) such that dv"/dp = M} (o0, 00).
From the Markov property of M}, E ,[M](c0,00)] = 1. So v" is a
probability measure for each n. The condition

M (t,0) = M7(0, t) = 1 implies that v = p;, j = 1,2.
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Coupling Measures

We may choose a suitable topology such that (¢") contains a
subsequence (") that converges to some probability measure

v = (v1,12). Then for j=1,2, v* — v}, s0 vj = p;. Thus v is a
coupling of 31 and [5.

Fix m € N. If ng > m then M{* = M on [0, T{"] x [0, TJ"]. So

dvk

du ]—';1,,, ><}'.2r2,,,

= M(T{", T35").

Here T/" = Tj(H"). Since this holds true for any nx > m, so it
still holds if v is replaced by v.
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Coupling Measures

Suppose the joint law of a3 and ay is v. Then for any m € N and
any (F2)-stopping time t, < TJ", conditioned on .7-}22, a1(t),

0 <t < T{", has the law of a part of an SLE, trace in

H\ «2((0, 2]) from xq to az(t2). This follows from the property of
M we have discussed.
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Coupling Measures

Now fix an (F2)-stopping time t, < T,. For n € N define
Rn :SUp{Tlm 1< m<n, 7_2m > E2}

Here we set sup® = 0. Then R, is an (F} x ]—%)tzo—stopping
time. For 1 < m <, let tf’ =to A TJ". Then t" < TJ" is an
(F?)-stopping time. Thus a1(t), 0 < t < T{", has the law of a
part of an SLE,, trace in H \ a((0, tJ"]) from x; to ao(ty"). Let

gn,m = {EZ < sz} N {Rn = T{n}

Then we have {R, >0} = U7 _1&Ep m.

)
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Coupling Measures

Since on each &, m, we have T" = R, and tJ" = to, so ai(t),
0 <t < Ry, has the law of a part of an SLE, trace in
H \ 042((0,?2]) from xy to OQ(EQ).

We have
Ti(t2) =sup{T{" :me N, & < T} = V)21 Rn.

Thus a1(t), 0 < t < Ti(t2), has the law of a part of an SLE,
trace in H \ a2((0, t2]) from x1 to ao(t2).
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Coupling Measures

From the definition of T1(%2), «1([0, T1(%2)]) intersects ax([0, t2]).
From the property of SLE, trace for x € (0, 4] we have
a1(T1(t2)) = aza(t2) a.s.. Thus ay(t2) is a.s. visited by ay.

We may choose a sequence of (F?Z)-stopping times (£5) on [0, T2)
such that {#] : n € N} is dense on [0, T2). Then a.s. ay visits each
az(t)). So a.s. g visits every point on ao. Thus ap C aj.
Similarly, a1 C ap. So a3 = ap. Then we are done.
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