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1. Introduction

Filtering problem:
signal :

t t
X; = X0+/ a(XS)dBS+/() b(Xs)ds
0

t
+A C(Xs)dWs (1)
with observation
t
Yi= [ h(X.)ds + Wi @)
0

where on (2, F, Py), Wy and B are indep. B.M. of dimesions d
and m.



Information available at time ¢:
Gt =0(Ys: s <t).
Optimal filter 74 is P(RY)-valued process:

(¢, F) = EPO(£(X¢)|Gt)



2. Filtering equations

Let P be given by

dP, T 1 (T
— o = exp (/0 h(Xs)dYs — 5/0 |h(XS)|2ds> :

Girsanov theorem : Under P, Y is a B.m., indep. of B.
Signal :
t t
0 0

t
+ /0 c(Xs)dYs



where

b(x) = b(x) — ch(x).

Kallianpur-Striebel formula

(m1, ) = BP0 (F(X01G0) = (U VY E € Cy(RY)
where
(Vt, ) = E (M¢f(X¢)|Gt)
and

dM; = Mh(Xy)dYs.



Assumption (BC): o, b, ¢, h are Lipschitz and uniformly bounded.

Assumption (I): As n — oo,

1 n
n — —— E
1—



Thm (Kurtz-X): Suppose (BC) and (1) hold. Then
1.k ; ;
(Vio f) = lim - ; My f(X3); (3)
where {(M?*, X*): 4 =1,2,---} unique strong solution to
: : t : : t_ :
X = xi+ /O o(X')dB' + /0 B(X1)ds

t
+ / c(X')dYs
0
and
dM}! = M!h(X})dY;, M =1. (4)



Thm: (Zakai equation)
d(Vi, f) = (Vis Lf) dt + (Vi, V*fe+ fh*) dY;.  (5)

Proof: By Itd’s formula, we have
df (X}) = Lf(X{) + V*fo(X{)dB] + V*fc(X{)dY;.
Hence

d(Mif(X}) = MLf(X})dt + M{V*fo(X})dB;
+M!V*fe(X?P)dYy + M} fh*dY;.



Thm: (Kushner-FKK equation)

d <7Tt7 f> — <7Tt7 Lf) dt
+ (7, V*fe + fR*) — (e, £) {me, B*)) duy

where

t
Vt:Y%—./O (s, h) ds

IS the innovation process.



Proof: Applying Itd’s formula, we get

d(ﬂ',g,f) —

i1y (Ve Lf) dt + (Vi V" fe+ fh7) dY)

(Vi f)
(Vg, 1)2

1

TR (Vi, V*fe+ fh*) (W, h) dt
ty

Ve f)

(Vi 1)3

(Va, b*) dYy

<‘/tv h*> <V;59 h> dt.



3. Branching particle system
Att = 0, n particles of weight % each at :1:"?, 1=1,2,--- ,n.
letd =0, =n"2%0< a < 1.

Att = 30, m;." particles alive. Fort € (39, (7 + 1)9), particles
move by

: : t : : t_ :
X! = xiy / o(Xi)dB! + / B(X%)ds
0 0

t :
—I—/ c(X?)dYs.
0



Att = (j + 1)d, ith particle (i = 1,2, --- ,m7) branches (inde-
pendent of others) into £§+1 offsprings

B (& 117 G4ne ) = My (XF)
and

Ve (5§+1|7:(j+1)5—) = 771 (XY)
where
M, (X7)

1 m? M™ XE

M7 (XY) = (6)



and

M7 (X) ()
(j+1)0 : 1 [(@+1)0 :
— exp (/ h*(X})dY; — —/ |h(X;)|2dt> :
70 2468

To minimize 7;?+1, we take

e[ IR X)) w1 — (A (X))
LT MR, (XD + 1w, {MP, (X))

J
where {x} = x — [z] is the fraction of x. In this case

Y (XY = {MP (X9} — {ME (X))



Define

mT
S R . .
wngzcsxg, jo <t < (j +1)é.
1=1

7" is particle filter (Crisan-Del Moral-Lyons, etc).



Define

m"

J
mp = MPMX'L )8y, §6<t<(G+1)0
=1
where

. t . 1 [t .
M*(X? — h* L s — — 1) |2 :
n(X%,t) = exp (/]5 (XH)dY, 2/jé|h(XS)| ds)
(8)

m* is hybrid filter (Crisan-X).



Define V,”* = 71-;’}77?, where

1
g =1 — Z T(XhH, itk <t < (k+1)d.
] :

We will prove that V,™ converges to the unnormalized filter V4.



4. Convergence of V"

Dual of V is sol. to Backward SPDE:

{ dips = —Lipsds — (V*Psc + hps) dYs, 0<s <t
Vi = .
(9)



Lemma: Assume (BD):

ai;, b he (R
and
o € Hy = L*(RY), V|a| <1+ [d/2].
Then

E<||¢s||3+ > ||8a¢s||%>§K1 (10)
0| <1+[d/2]

where || f]|2 = [ra |f(z)|2dz. As a consequence, ¢ € C(RY)
a.s.



Letkd <t < (k+ 1)d. Then
(Vi @) — (V"> Yo)
— <V;n7 ¢t> — <kan$,,¢k5>
k
+) (<Vﬁs, ¢j5> —E <<Vf§a ¢j5> | Fijs— V gj&,t))
j=1

32 (5 (%) - 950

71=1
B <V<?—1>6’¢<J'—1>5>>
I + Iy + I3, (11)



mn
1 X . ; .
I = aps— > (MPXY 0¢(X]) - drs(Xis) ) »
1=1
k 1""?—1 | |
I3 = ) mis— > $is(Xjs) (& — MF(XY)
1=1 1=1
and
k m?—1

(@bja(X}a)M}’(Xi) - ¢(j—1)6(ij—1)6)) '



Lemma: [Crisan-Gaines-Lyons]

Y(j+1)s(X (G + 1)8)) M 1 (X*) — ;5(X*(§6))

(j+1)5 n /) % 7 7
_ / MP(X?, 5)V*hs0 (XE)dBL, (12)
J
where
it ° : 1 [° in 12
M (X", s) = exp /5 h(X;)dY; — 5/6 \h(X{)|zdt | -
J J

As a consequence,

(V;fa qb) — <7709 ¢O> .



Thm:
E| (V@) — (Vs ¢) |2 < Kyn ™17,

Similarly,

Bl < Vo> — < Vs> [P < Kz (n (17 vn=2e).

Remark: For particle filter Vt” the optimal « is 1 Best rate is

3
n—1/3.



5. Convergence of V™

Key equation:

t
Vg = (G0 + | (L) ds (13)
t
+/ (VP V*fc+ hf)dYs + N7 + N7,
0
where
[t/ 4]
. 1 ((G+1)8)AL
Ny Q- Z —Z A% fO'(XZ)dBSn](s
. n 5
7=0 1=1
¢/9] M1

v
Ny

>l (€ — X)) F(Xy).

]:]_ 1=

ol



are uncorrelated w/

/0] 1 ™ ((+1)8)At

NvF) =) 5 V*fo (X5 [2ds(n')?
< >t .]g() n2 — o | fO'( s)| 3(7735)
X /8] | M1 | |
<Nn’f>t = ) n2 ’Y?(Xz)fz(x;(s)(ﬂ%)z- (14)



Define the usual distance

d(vi,v2) = > 275 (| (v1 —va, fr) | A D)
k=1

where fr, € CZ(RY) with f, 9, fr agjfk, i,j=1,2,---,d,
bounded by 1.

Thm:

E sup d(V¢, Vi)? < Kyn~ (1-9)
t<T

Similarly

E sup d(v?, Vi)? < Ko (n_2a V n_(l_a)) :
£<T



6. A central limit type theorem

Let
11—«
U[‘ — nT(th — Vt), t > 0.
Then

t
) = (U h)+ [ (U

+/ "N V*fc+ hf)dYs

n2N’f—|—n_aA’f (15)



Let ¢(z) =~ e~ |Zl smooth. Let

®={¢: ¢y €S},

where § = Schwarz. Define

2
ak
oIz = Y [ a+la® | (s@y@)| do
0<|k|<k "
Let B, = ® w.rt. || - ||x. Let P_, be the dual.

Thm: 3k s.t. {U"}istightin Dg_ [0, 00).



Finally we characterize the limit.

Thm: U™ — U which is the unique sol. to
<Ut9 f> - <U07 f>
t t
— /0 (Ug, Lf) ds—l—/o <US,V*fc—|—h,f> dYs

4 2 ¢
HU2 [ VIR~ hIV@) (Ve 15 2) Bdsi).



