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1. Introduction

Filtering problem:
signal :

Xt = X0 +

∫ t

0
σ(Xs)dBs +

∫ t

0
b(Xs)ds

+

∫ t

0
c(Xs)dWs (1)

with observation

Yt =

∫ t

0
h(Xs)ds+Wt (2)

where on (Ω,F , P0), Wt and Bt are indep. B.M. of dimesions d
and m.
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Information available at time t:

Gt = σ(Ys : s ≤ t).

Optimal filter πt is P(Rd)-valued process:

〈πt, f〉 = EP0(f(Xt)|Gt)

.
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2. Filtering equations

Let P be given by

dP0

dP
= exp

(∫ T

0
h(Xs)dYs −

1

2

∫ T

0
|h(Xs)|2ds

)
.

Girsanov theorem : Under P , Y is a B.m., indep. of B.

Signal :

Xt = X0 +

∫ t

0
σ(Xs)dBs +

∫ t

0
b̃(Xs)ds

+

∫ t

0
c(Xs)dYs
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where

b̃(x) = b(x) − ch(x).

Kallianpur-Striebel formula :

〈πt, f〉 = EP0 (f(Xt)|Gt) =
〈Vt, f〉
〈Vt, 1〉

, ∀ f ∈ Cb(R
d)

where

〈Vt, f〉 = E (Mtf(Xt)|Gt)

and

dMt = Mth(Xt)dYt.
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Assumption (BC):σ, b, c, h are Lipschitz and uniformly bounded.

Assumption (I): As n → ∞,

V n0 =
1

n

n∑
i=1

δxni
→ π0.
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Thm (Kurtz-X): Suppose (BC) and (I) hold. Then

〈Vt, f〉 = lim
k→∞

1

k

k∑
i=1

M i
tf(Xi

t), (3)

where {(M i, Xi) : i = 1, 2, · · · } unique strong solution to

Xi
t = Xi

0 +

∫ t

0
σ(Xi

s)dB
i
s +

∫ t

0
b̃(Xi

s)ds

+

∫ t

0
c(Xi

s)dYs

and

dM i
t = M i

th(Xi
t)dYt, M i

0 = 1. (4)
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Thm : (Zakai equation)

d 〈Vt, f〉 = 〈Vt, Lf〉 dt+
〈
Vt,∇∗fc+ fh∗〉 dYt. (5)

Proof: By Itô’s formula, we have

df(Xi
t) = L̃f(Xi

t) + ∇∗fσ(Xi
t)dB

i
t + ∇∗fc(Xi

t)dYt.

Hence

d(M i
tf(Xi

t)) = M i
tLf(Xi

t)dt+M i
t∇

∗fσ(Xi
t)dB

i
t

+M i
t∇

∗fc(Xi
t)dYt +M i

tfh
∗dYt.
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Thm : (Kushner-FKK equation)

d 〈πt, f〉 = 〈πt, Lf〉 dt
+
(〈
πt,∇∗fc+ fh∗〉− 〈πt, f〉

〈
πt, h

∗〉) dνt
where

νt = Yt −
∫ t

0
〈πs, h〉 ds

is the innovation process.
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Proof: Applying Itô’s formula, we get

d 〈πt, f〉 =
1

〈Vt, 1〉
(
〈Vt, Lf〉 dt+

〈
Vt,∇∗fc+ fh∗〉 dYt)

−
〈Vt, f〉
〈Vt, 1〉2

〈
Vt, h

∗〉 dYt
−

1

〈Vt, 1〉2
〈
Vt,∇∗fc+ fh∗〉 〈Vt, h〉 dt

+
〈Vt, f〉
〈Vt, 1〉3

〈
Vt, h

∗〉 〈Vt, h〉 dt.
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3. Branching particle system

At t = 0, n particles of weight 1
n each at xni , i = 1, 2, · · · , n.

Let δ = δn = n−2α, 0 < α < 1.

At t = jδ, mn
j particles alive. For t ∈ (jδ, (j + 1)δ), particles

move by

Xi
t = Xi

0 +

∫ t

0
σ(Xi

s)dB
i
s +

∫ t

0
b̃(Xi

s)ds

+

∫ t

0
c(Xi

s)dYs.
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At t = (j + 1)δ, ith particle (i = 1, 2, · · · ,mn
j ) branches (inde-

pendent of others) into ξij+1 offsprings

E
(
ξij+1|F(j+1)δ−

)
= M̃n

j+1(X
i)

and

V ar
(
ξij+1|F(j+1)δ−

)
= γnj+1(X

i)

where

M̃n
j+1(X

i) =
Mn
j+1(X

i)

1
mn
j

∑mn
j

`=1M
n
j+1(X

`)

(6)
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and

Mn
j+1(X

i) (7)

= exp

(∫ (j+1)δ

jδ
h∗(Xi

t)dYt −
1

2

∫ (j+1)δ

jδ
|h(Xi

t)|
2dt

)
.

To minimize γnj+1, we take

ξij+1 =

{
[M̃n

j+1(X
i)] w.p. 1 − {M̃n

j+1(X
i)}

[M̃n
j+1(X

i)] + 1 w.p. {M̃n
j+1(X

i)}

where {x} = x− [x] is the fraction of x. In this case

γnj+1(X
i) = {M̃n

j+1(X
i)}(1 − {M̃n

j+1(X
i)}).
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Define

π̃nt =
1

n

mn
j∑

i=1

δ
Xi
t
, jδ ≤ t < (j + 1)δ.

π̃nt is particle filter (Crisan-Del Moral-Lyons, etc).
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Define

πnt =

mn
j∑

i=1

M̃n
j (Xi, t)δ

Xi
t
, jδ ≤ t < (j + 1)δ

where

Mn
j (Xi, t) = exp

(∫ t

jδ
h∗(Xi

s)dYs −
1

2

∫ t

jδ
|h(Xi

s)|
2ds

)
.

(8)

πnt is hybrid filter (Crisan-X).
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Define V nt = πnt η
n
t , where

ηnt = Πkj=0

1

mn
j

mn
j∑

`=1

Mn
j+1(X

`), if kδ ≤ t < (k + 1)δ.

We will prove that V nt converges to the unnormalized filter Vt.
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4. Convergence of V nt

Dual of V is sol. to Backward SPDE:{
dψs = −Lψsds− (∇∗ψsc+ hψs) d̂Ys, 0 ≤ s ≤ t
ψt = φ.

(9)
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Lemma : Assume (BD):

aij, bi h ∈ C
1+[d/2]
b (Rd)

and

∂αφ ∈ H0 ≡ L2(Rd), ∀|α| ≤ 1 + [d/2].

Then

E

‖ψs‖2
0 +

∑
|α|≤1+[d/2]

‖∂αψs‖2
0

 ≤ K1 (10)

where ‖f‖2
0 =

∫
Rd |f(x)|2dx. As a consequence, ψs ∈ C(Rd)

a.s.
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Let kδ ≤ t < (k + 1)δ. Then〈
V nt , φ

〉
−
〈
V n0 , ψ0

〉
=

〈
V nt , ψt

〉
−
〈
V nkδ, ψkδ

〉
+

k∑
j=1

(〈
V njδ, ψjδ

〉
− E

(〈
V njδ, ψjδ

〉
|Fjδ− ∨ Gjδ,t

))

+
k∑
j=1

(
E
(〈
V njδ, ψjδ

〉
|Fjδ− ∨ Gjδ,t

)
−
〈
V n(j−1)δ, ψ(j−1)δ

〉)
≡ In1 + In2 + In3 , (11)
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where

In1 = ηnkδ
1

n

mn
k∑

i=1

(
Mn
k (Xi, t)ψt(X

i
t) − ψkδ(X

i
kδ)
)
,

In2 =
k∑
j=1

ηnjδ
1

n

mn
j−1∑
i=1

ψjδ(X
i
jδ)(ξ

i
j − M̃n

j (Xi))

and

In3 =
k∑
j=1

ηn(j−1)δ

1

n

mn
j−1∑
i=1(

ψjδ(X
i
jδ)M

n
j (Xi) − ψ(j−1)δ(X

i
(j−1)δ)

)
.
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Lemma : [Crisan-Gaines-Lyons]

ψ(j+1)δ(X
i((j + 1)δ))Mn

j+1(X
i) − ψjδ(X

i(jδ))

=

∫ (j+1)δ

jδ
Mn
j (Xi, s)∇∗ψsσ(Xi

s)dB
i
s, (12)

where

Mn
j (Xi, s) = exp

(∫ s

jδ
h(Xi

t)dYt −
1

2

∫ s

jδ
|h(Xi

t)|
2
Hdt

)
.

As a consequence,

〈Vt, φ〉 = 〈π0, ψ0〉 .
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Thm :

E|
〈
V nt , φ

〉
− 〈Vt, φ〉 |2 ≤ K1n

−(1−α).

Similarly,

E| < Ṽ nt , φ > − < Vt, φ > |2 ≤ K2

(
n−(1−α) ∨ n−2α

)
.

Remark : For particle filter Ṽ nt the optimal α is 1
3. Best rate is

n−1/3.
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5. Convergence of V n

Key equation:〈
V nt , f

〉
=

〈
V n0 , f

〉
+

∫ t

0

〈
V ns , Lf

〉
ds (13)

+

∫ t

0

〈
V ns ,∇

∗fc+ hf
〉
dYs +N

n,f
t + N̂

n,f
t ,

where

N
n,f
t =

[t/δ]∑
j=0

1

n

mn
j∑

i=1

∫ ((j+1)δ)∧t

jδ
∇∗fσ(Xi

s)dB
i
sη
n
jδ

N̂
n,f
t =

[t/δ]∑
j=1

ηnjδ
1

n

mn
j−1∑
i=1

(ξij − M̃n
j (Xi))f(Xi

jδ).
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are uncorrelated w/

〈
Nn,f

〉
t

=

[t/δ]∑
j=0

1

n2

mn
j∑

i=1

∫ ((j+1)δ)∧t

jδ
|∇∗fσ(Xi

s)|
2ds(ηnjδ)

2

〈
N̂n,f

〉
t

=

[t/δ]∑
j=1

1

n2

mn
j−1∑
i=1

γnj (Xi)f2(Xi
jδ)(η

n
jδ)

2. (14)
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Define the usual distance

d(ν1, ν2) =
∞∑
k=1

2−k (| 〈ν1 − ν2, fk〉 | ∧ 1)

where fk ∈ C2
b(R

d) with fk, ∂jfk, ∂
2
ijfk, i, j = 1, 2, · · · , d,

bounded by 1.

Thm :

E sup
t≤T

d(Vn
t ,Vt)

2 ≤ K1n
−(1−α).

Similarly

E sup
t≤T

d(Ṽn
t ,Vt)

2 ≤ K2

(
n−2α ∨ n−(1−α)

)
.
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6. A central limit type theorem

Let

Unt = n
1−α

2 (V nt − Vt), t ≥ 0.

Then 〈
Unt , f

〉
=

〈
Un0 , f

〉
+

∫ t

0

〈
Uns , Lf

〉
ds

+

∫ t

0

〈
Uns ,∇

∗fc+ hf
〉
dYs

+n
1−α

2 N
n,f
t + n

1−α
2 N̂

n,f
t , (15)
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Let ψ(x) ≈ e−|x| smooth. Let

Φ = {φ : φψ ∈ S} ,

where S = Schwarz. Define

‖φ‖2
κ =

∑
0≤|k|≤κ

∫
R
(1 + |x|2)2κ

∣∣∣∣∣ ∂k∂xk(φ(x)ψ(x))

∣∣∣∣∣
2

dx.

Let Φκ = Φ w.r.t. ‖ · ‖κ. Let Φ−κ be the dual.

Thm : ∃κ s.t. {Un} is tight in DΦ−κ[0,∞).
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Finally we characterize the limit.

Thm : Un =⇒ U which is the unique sol. to

〈Ut, f〉 − 〈U0, f〉

=

∫ t

0
〈Us, Lf〉 ds+

∫ t

0

〈
Us,∇∗fc+ hf

〉
dYs

+
4

√
2

π

∫ t

0

∫
Rd

√
|h(x) − πsh|Vs(x) 〈Vs, 1〉f(x)B(dsdx).


