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1. Introduction

B(t) is the d-dim Brownian motion and X (¢ satisfies
(1.1) dX')(t) = eb(X9(t))dt + dB(t).

b(-) is a smooth vector field with period 1.

b is divergence free. That is,
(1.2) div(b) = 0.

c is a large parameter.



X©)(t) is a diffusion process on d-dim torus.

X©)(¢) has Lebsegue measure (on torus) as the invariance
measure (by (1.2)).

This is a particular example of a more general class of
diffusion processes,

dX (t) = (=VU(X(t)) +b(X(t)))dt + dB(t),
with U, b periodic and satisfying

div(bexp(—2U)) = 0,



such that they have pu as the invariance measure,

1
dp = > exp(—2U (x))dx.

Such diffusion processes appear in MCMC(Markov Chain
Monte Carlo),

One chooses particular b to simulate p.

We may also consider i on R? and we do not assume
periodicity of U.

A main concern is how well the distribution of X (%)
approximate ¢ and how to choose a better b.



We consider ¢b(-) and by taking c large, we are able to
say some quantitative behaviors of such processes.

This is a joint work with

Chii-Ruey Hwang, Brice Franke, Hui-Ming Pei

In the following, we denote



We consider the largest p ( denoted as p(c)) such that

/]T z)|*dx < c;exp(—pt)

for large t and f satisfying

/f(iv)div:(), /\f(:c)|2dx < 0.

p(c) = inf{—Re(p); p # 0 is in the spectrum of L }.

Then

p(c) is also called the spectral gap



( the gap between 0 and the rest of spectrum)

p(c) is used to measure the convergence rate of X(9(t)
to the equilibrium.

[ T (@) = w()Pda < ejexp(=p(o))

Here
() = [ f@)da.

The spectral gap for a self-adjoint operator can be
expressed by a variational form.



This is the case for ¢ = 0.

p(0) = 27?2 = inf{: [ |Vf )|?dx; [ f(z)dx

fT Qda: =1}

We can not have such expression for p(c), ¢ > 0.

This causes great difficulty to calculate p(c).

However, we always have

p(c) = p(0).

Here is a simple argument.



We assume 7(f) = 0. Consider

2 [ T, f(x) LOT f(z)dw
— [ VT f(2) VT f(2)da

_2/0 fT t(c ’2d$

dt fT ‘T )de

VAN

Then
/yT 2)2dr < exp(— /\f \[2dz.

A general discussion is first given in R?:



Hwang, C.R., Hwang-Ma, S.Y. and Sheu, S.J.(1993), Accelerating
Gaussian diffusions, Ann. Appl. Probab.3 897-913.

The computation of the spectral gap is done for the
following case.

1
U(x) = 5% Ax,
A is a positive definite matrix.
b(r) = SAx,

S is a skew symmetric.

We denote pg the spectral gap for b(z) = SAx and ¢ = 1.



It Is shown that

1
max{pg; S is skew symmetric} = atmc(A).

We consider general b here but confine the discussion on
torus.

(Our discussion can also be applied to compact manifolds)

Our main result is to show the convergence of p(c) when
c — 00.

he limit is given by a variational expression as in the



following theorem.

Theorem 1.1.

lim,_.o p(c) = inf{3 [ [V (x)|*dz; Iu, bV = ipd,
Jp¥(@)dz =0, [ [¢(z)dz = 1}.

In this expression, 1 = Y1 + 19, 1 = /—1.

Using such expression, we give some example to calculate
p(c) approximately for some b.

Here are some related works.



e Hwang, C.R., Hwang-Ma, S.Y. and Sheu, 5.J.(1993), Accelerating
Gaussian diffusions, Ann. Appl. Probab.3 897-913.

e Hwang, C.R. and Sheu, 5.J.(2000), On some quadratic perturbation
of Ornstein-Ulenbeck processes, Soochow J. Math. 26 22-37

e Hwang, C.R, Hwang-Ma, S.Y and Sheu, S.J.(2005), Accelerating
diffusions, Ann. Appl. Probab. 15, 1433-1444.

e Hwang, C.R. and Pei, H. M. (2006), Blowing up Spectral Gap of
Laplacian on IN-Torus by Antisymmetric Perturbations, preprint.

e Constantin, P., Kislev, A., Ryzhik, L., and Zlatos, A.(2006)
Diffusion and mixing in fluid flows, preprint.



e B. Franke, C. R. Hwang, H. M. Pei and S. J. Sheu (2007) The
behavior of the spectral gap under growing drift, preprint.

First, we describe our approach. We then give some

examples. We then give some details.

We first obtain the result.

( a lower estimate which is an easier part) ,

liminf._ . p(c)
(1.3) > inf{1 [+ IV (x) |2dz; 3u, bV Y = i,
Jpt(x)dx =0, [;|Y(x)|*de = 1}.



For the upper estimate, we obtain more information about
the spectrum of L(©).

To describe, we need some notations.

(1 4) Hl W 101 + i%, % th < L2
' Jrii(x)de =0 = [ 1s(z) dx—()}

(1.5) H,={yeH'; bV =i}, p € R.



Using these notations, Theorem 1.1 can be stated
(1.6)

lim,_. p(c)
= inf{5 [ [V + [Viol’da; [p9f +¢3de =1,
3 such that ¢ = 4y +ivpy € H .

Let 4 € R. Assume H, has nonzero element. Define

f{szva 7)|*dx
T |¥(2)[*dx

Y #0€ Hy}

Theorem 1.2. Let p, p, be defined as above. Then for



any r > 0, there is ¢y = cy(r) such that for all ¢ > ¢,
there is —p + ifi in the spectrum of L'® such that

(P — pu)z + (1 — CN)Q <7

This theorem implies L{© has an eigenvalue with large
imaginary part, and is close to cu, if 4 # 0 and H
contains nonzero elements.

As another consequence of this theorem, we have

lim sup p(c) < py,

C— 00



if H}L contains nonzero elements. Therefore,

limsup p(c) < inf{p,; u € R}.

C—0O0

Together with (1.3), we have Theorem 1.1.

The following are recent results that closely relate to our
work.

Relaxation Enhancing

The following result is in the paper Constantin-Kiselev-
Ryzhik-Zlatos (2006)



P. Constantin, A. Kiselev, L. Ryzhik and A. Zlatos (2006) Diffusion
and Mixing in Fluid Flow, Preprint.,

Theorem 1.3. Assume bV does not have eigenfunction
in H'. That is, there is no ¢ = 1; + 1)y # 0 € H! such
that bV = tu for some p. Then for any £ > 0

1T — 0, ¢ — .

Here

1T'9)2 = sup{ [ T f(2)|2da; |5 f(z)dz =0,
fbfT f(x ‘de =1}



Such result is called relaxation enhancing

The result in Theorem 1.3 implies

lim p(c) = oc.

In two dimensional space, if b is smooth, then bV always
has eigenfunctions in H'.

It is difficult to construct b satisfying the condition in

neorem 1.3.

nerefore, it is interesting to study the limit of p(c) when



the condition in Theorem 1.3 fails.

In the following paper, some particular b is considered and
the limit of p(c) is calculated:

Hwang, C. R. and Pei, H. M. (2006) Blowing Up the Spectral Gap

of Laplacian on N-torus by antisymmetric perturbations( preprint).

Eigenvalue Problem

he following result from H. Berestycki, F. Hamel and N.
Nadirashvili (2005) is also relevant

H. Berestycki, F. Hamel and N. Nadirashvili (2005) Elliptic



Eigenvalue Problems with Large Drift and Applications to Nonlinear
Propagation Phenomena, Commun. Math. Phys 253, 451-480.

Let b be a divergence free smooth vector field.

Consider the following eigenvalue problem:

%A¢+cb-v¢:)\gb, on D

(1.7) »=0 on 0D,

D is a domian in R? with smooth boundary.

We know there is a unique solution (A(c), #\®)) such that



$\¢) is smooth,

»9 >0 onD, =0 ondD

[ 169 @rds =1

Other solutions have the property that Re(\) < A(c¢).

A(c) is called the principal eigenvalue.

If ¢ = 0, then

— Jp3lV/(z)Pda
Ip lf (@) |Pda

(1.8) A(0) = sup{ 12



the supremum is taken over f € Hj (D).

H}(D): those f defined on D with 0 on the boundary
and f,|Vf]| are in L*(D).

For general ¢, we have the expression for A(c),

L9y(z)

(1.9) A(c) = sup inf/D dp(x),

noou

the supremum is taken over probability measures 1 on D,



the inf is taken over u € C*(D),u > 0. Here

1
LOf =SAf+cbV .

Denote
Hy={w € Hy(D);b-Vw = 0}

The following interesting results in Berestycki-Hamel-
Nadirashvili (2005) is close to our (Theorem 1.1)

Theorem 1.4. If \(c) is bounded in ¢, then Hj is not



empty. And

li ) = sup( 2O

Here sup is taken over w € H,.

}.

The probabilistic meaning is the following.

Denote 7() the exit time of X(9(¢) from D,

@ = inf{t > 0; X\9(t) ¢ D}.



Then
—X(c) = sup{k; E [exp(kT'9)] < 00,z € D}.
Denote
S f(w) = EL[f(X(1)),t < 7).

Then the decay rate of St(C)f to 0 is given by exp(A(c)t)
as t — o<.

/ exp(kt)St(C)f(a:)dt
0
is finite if and only if & < —\(c).



The following problem may be also interesting.
Let V' be smooth function with some growth condition.

We consider
Ex[exp(/o V(X)) dt)] ~ exp(A(e)T), T — .

Determine the asymptotic behavior of A(c).
Some study in the following paper may be useful.

H. Kaise and S.J. Sheu (2006), Evaluation of large time

expectations for diffusion proceses, preprint



2. Resolvent

The following calculation show some idea for Theorem
1.2.

Let A\ > 0, we consider
(2.1) L(C>¢<C> _ )\w(C) = —g¢

for g € L* satisfying [ g = 0. This has unique solution,

V) = /OOO exp(—At)T;“g(z)dt.



T9g is the semigroup generated by L(©).

d, e
- (©)g = [Ty,

Since

i Jr |Tt(c)9(37)‘2d$ = |y 2Tt(c)g(a? L(C)Tt(c)g(x)daz
—2 | VT g (z)?dx
—8n? [0 |1} g () 2de,

O ~—

I



we have
[ 1T(a) P < exp(-s7%) [ lgo)Pde,
T T

w(c given above is well defined even for A =0 or A = icp.

In particular, we consider
(2.2) LY = iepyp'® — g,

where

g=g1+1ig: € H,,



H,= {g=g1+1ig; [;|Vg|*dx < o,

(2:3) [g1=[g2=0, bVg =iug}.

(2.2) can be rewritten as

1 C C C
AU + Vi = ey’ — g1,

1 C C C
LA+ 9l = et — g

Multiplying the first equation by %C) and the second



equation by wéc) and adding the relations, we obtain

1 C C C C
24) 5 [ VU + VR = [ 0+ o
T T

Multiplying the first equation by ¢g; and the second
equation by gy and adding the relations, we obtain

L[ VlVg + VIV gy — ¢ [0V g1 — bV gy
=[G+ +cu [V g — 17 g

bV g1 = —pge, OVga = pgr.



1 C C
(2.5) §/V¢§ Vg + Wé Vg = /9% + g5.

[wnti=~ [ 095

for all f1, fo and g is an element of H ..

Here we use

(2.4) implies

G [ IVOOR+ 9P < ([ g+ ) [ vt + vd)



(2.5) implies

([ g+p? < G [1V6PHvel G [ IVail+VaP)
From these two relations, we have

L[V !2+ !V% _ 3 Vel + !ng!2

[ 4+l J i+ 9,

(2.6)

This relation suggests if g = g1 +ig, € H}, attains the



minimum of

Vipi|* + [Vl
[ + 3

over P + 19 # 0 € Hi then limit of ¢(® (denoted by
* = pF + 11)3) is also an element of Hﬁ and attains the
minimum of (2.7).

;

(2.7) inf{%f

Assume the uniqueness of (2.7) (up to multiplication of
constant). Then

V" = kg
some constant k.



(2.5) implies

1
= P = the value of (2.7) .

Therefore, we have the picture

L' = iepap! — g ~ (—py + icp)p'®.

This suggests that an eigenvalue of L9 close to —p,+icu
can be found.

heorem 1.2 gives the precise statement.



The following provides a rigorous argument.

Proposition 2.1. Let H, # {0} and g = g1 + 192 € M,,.
Let > 0 be small and €,0 € R be fixed such that

0 # e+ 6° < a’.

Denote p = p, + € and g = cp + 9. Assume ¢, — 0o be
such that there is ¢, € H' satisfying

1 _
§A§bn + bV, = (—p +ifi)on — g-

hen ¢, converges to ¢* in L? and weakly in H! as



n — 00,
€+ 10

€2 + 529'

¢ =

Proposition 2.2. Let H, # {0} and g = g1 + 192 € M,,.
Let o > 0. Assume for each z = z1 + 729

|z — (—pu + icp)|* = o

the following equation has solution ¢*¢,

1
§A¢Z,C_|_ va¢Z,C — Z¢Z,C L g.



Then for a small, we have

lim sup sup / ™| < 00
€=00 |z (—pyticp)|?=a?

Proof of Theorem 1.2.

Denote B,(—p, + icp) the ball with radius « around
— P+ iCl.
', . be the boundary of B,(—p, + icu).

Assume L. does not have spectrum in B,(—p, + icu).



Then
0= / (L. — 2) 'gdz.
Lo c

¢*°¢ = (L. — z) g is the solution of
1 <,C Z.,C Z.C
§Agb’ +cbV o " = 297" — g.

Then

fT 12mig(x)|dx




By Proposition 2.1 and 2.2, the righthand side tends to
0. This implies g = 0, a contradiction.

In the rest of this section, we give some interesting results
about the resolvent of L9,

Let A > 0, we consider
L9y — \ypld) = —g
for g € L* satisfying [ g = 0. We denote

1 = RYg,



Hy={v: [ v=0 /T V[ < o0, bV = 0,
H' = {vs | [V < oo},

Theorem 2.3. For ¢ in L? R&C)g converges to [yg In
H'. Rig € Hy. Ryg is the unique element taking the
minimum of

| GIVE@F + X6@)* ~ 29(2)i@)da

taken over ¢ € Hj.



Theorem 2.4 R defined on Hj is a family of self-adjoint
resolvent operators. That Is,

Ryg— R, g=(up—ANR\R, g, A>0,1>0.

| Bit@ga)de = | Bigla)s(a)da

T
Theorem 2.5. The range of R% has closure Hl( in L?).
From Theorem 2.5, the operator defined by

L*Ryg = AR\ — g



Is densely defined on F& such that
x *\ — 1
R, = (u—L")"".
L* generates a semigroup 1.

One expects Tt(c) converges to 1. However, this has not
been done rigorously.

Another interesting question is to understand the
probabilistic meaning of RR}.

This will connect with the convergence of X(©)(¢) defined



dX'9 =
(X dt + dB(t).



3. Examples

Example 1

he following example is considered in Hwang-Pei(2006).
b(x) = pcos(2mq - x),
where

p= (PP ,0d), ¢=(q1,92, ", qd),



pi, qi € Z (integer) and
0=p-q=piq1 +D2q2+ - + Paqa-
The limiting value of p(c) is then given by

inf{27rz|m\2; m = (my, My, -+, Mg),

"ake a particular example of p = (1, M, M?,---, M%),
"hen

m-p:m1+m2M—|—m3M2+---—|—mde_1:O



implies m; i1s a nonzero multiple of M or
mg—l—mgM—I—m4M2—|—--- —I—mde_2 — O

By this argument, we can see (3.4) has a lower bound
2m%(M? +1). The value

mi=Mmo=—-1ms=my=---=myg=20

gives the lower bound.
We have H, = {0} if u # 0.

Here is another observation.



In this example, let
m-p = 07m — (m17m27"°7md)7mi S
Then L' has eigenfunction ¢,,(z) = exp(2mm - ),

LY, = —2m2|m|?dm.

Example 2

We consider a modification of previous example.



Let d = 3. General d is similar.
b(x) = (2n M sin(2mxs), 2rMcos(2mxs), 1),
M 1s a positive integer.
The limit of p(c) is equal to 272(1 + 27 M?).
H) # {0} iff = 27k, k is an integer.
p, =21 (1 + 22 M?) + 27°k? if p = 27k,
It is difficult to construct eigenfunctions of L.

More examples on manifold from geometry can be found



In our paper.



4. Concluding Remark

Here are several problems for further consideration.

e How to obtain our main results by using probability
methods such as coupling?

e Obtain K, such as

T f — ()| < K|l f — 7(f)] exp(—p(e)t).

his will give another proof for the result in Constantin-




Kislev-Ryzhik-Zlatos.

e More generally, take ¢ = 1. Study quantitatively how
the spectral gap depend on b.

e Obtain similar results in R<.

e The limiting process of X(“)(t) should be a process with
state space &, the collection of integral curves of

d
X (1) = b(X (1)),

How to describe the process?



