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Spatial birth-death process

@ Identify a countable subset of RY with a counting measure 7 given
by assigning unit mass to each point.

@ N(RY) : the collection of all counting measures on RY.

@ Spatial birth-death process is a continuous time Markov process.
The state space is some subset of V(RY).

@ Generator of the process is of the form:
AL () = [ (Er+ 6) = F)A(u, )
+ [ (5= 50 = St (o).

for f in an appropriate domain.
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Spatial birth-death process

@ Birth rate: A : RY x A (RY) — [0, +00). If the point configuration at
time t is € A(RY), then the probability that a point in a set
A c RY is added to the configuration in the next time interval of
length At is approximately fA A(X, n)dx At.

@ Deathrate: § : RY x N (RY) — [0, 4+00). The probability that a
point x € 7 is deleted from the configuration in the next time
interval of length At is approximately 6(x,n)At. In this paper, we
assume § is a nonnegative constatnt for our spatial birth-death
processes. If 6 = 0, it is spatial pure birth process.
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Spatial birth-death process

Example: Random packing problem.  Consider the following
prototype random packing model. Suppose that unit volume open balls
arrive randomly. The centers of the incoming balls have a
homogeneous space-time Poisson distribution in RY x [0, cc). An
incoming ball arriving at time t is packed if it does not overlap any balls
already packed before time t, otherwise it is discarded. Let 7(B)
denote the number of balls packed before and at time t and in B,
where B is any measurable set in RY. Then 7, is a spatial pure birth
process with birth rate

A(X,n) = :]-{miny@7 [x—y|>2rq}>

where rq is the radius of the unit volume ball in RY.
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Purpose and main ideas

@ Starting point:  Prove the CLT for n:(lIA) as | — oo, where Ais a
bounded measurable subset of RY. In the random packing
problem, n:(IA) is the total number of packed balls before and at
time t in the region IA.

@ We also can use the similar idea to prove the CLT for n(IA), where
7 is a spatial point process the distribution of which is the
stationary distribution of a spatial birth-death process. This result
can be used to prove the asymptotic normality for time-invariance
estimations.
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Purpose and main ideas

@ Because 7 (IA) can be written as [pq 1a(¥)m(dx), where 15(x) is
an indicator function of A, an interesting problem is whether we
can prove the CLT for [q4 f(¥)ni(dx), where f is a more general
function.

@ Ifitis true for some f, a further question is to decide whether the
real-valued process fRd ¥)nt(dx) converges weakly to some
process. The answer is posmve
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Purpose and main ideas

For each f € LY(RY) N L>®(RY), define

(ft |d/2/f ?7th /f T]th) | > 1.

We will give some conditions on birth rate such that there exists a
Gaussian process W indexed by (L*(R%) N L>(RY)) x [0, 00). W(f,-)
has sample paths in Cg[0, o). Let {fy, - - -,f,} be a finite collection of
the functions in L*(RY) N L>°(RY), the family of stochastic processes

(YOt 1), -, YOy, 1) 1 > 1},

converges weakly to (W (fy,-), - -, W (fn,-)) as | — oo in Drn[0, 00). We
get the same theoem for spatial pure birth processes.
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Purpose and main ideas

Main ideas.
@ Prove the multivariate CLT for indicator functions of bounded
measurable subsets with boundary having Lebesgue measure
zero (Riemann measurable subsets).

@ In order to do that, we need to extend Penrose’s Theorem (2005),
then apply it to the SDE in Kurtz and Garcia (2006), where the
spatial birth and death processes were obtained as the solution of
the SDE.
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Purpose and main ideas

Main ideas (Cont.)

@ Use the linear combinations of indictor functions of Riemann
measurable sets to approximate a general bounded and integrable
function f. Then we can prove the weak convergence of
finite-dimensional distributions of Y ()(f, t).

@ Prove the relative compactness of

(YO, 1), - YO (f, 1) 11 > 1}
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Spatial birth-death process as the solution of SDE

@ In Garcia and Kurtz(2006), Spatial birth-death processes are
obtained as solutions of a system of stochastic equations.

@ The state space and its topology:

e Ky C Ky C - -- satisfy UgKy = RY.

e {cx :k =1, -} bounded continuous functions on RY. ¢, > 0 and
infxek, Ck(x) > 0.

0 S={EeNRY): [pck(X)E(dX) < oo,k =1,2,--}.

o C={f € C(RY) : |f| < acy for some k and a > 0}. Topologize S by
the weak* topology generated by C.

@ Dsl0, ) is the space of cadlag S-valued functions with the

Skorohod (J;) topology.
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Spatial birth-death process as the solution of SDE

@ The spatial birth-death process satisfies
m(A) :/ Lioa(x.ms-)1(U)L(t—s,00) (F)N(dX, ds, dr, du)
Ax[0,t]x[0,+0c0)?

+ / 1(t,oo)(r)ﬁo(dx,dr). (11)
Ax[0,00)

@ N: a Poisson random measure on RY x [0, c0)® with mean
measure dx x ds x e~ "dr x du.

@ ijo: the point process on RY x [0, o) independent of N obtained by
associating to each “count” in ng an independent, unit exponential
random variable.
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Spatial birth-death process as the solution of SDE

The following two conditions given in Garcia and Kurtz (2006)
guarantee the integral on the right of (1.1) exists and determines an
S-valued process with sample paths in Ds[0, co).
@ Condition 1 : For each compact K C S,
SUP¢ekc fpa Ck(X)A(X,¢)dx < oo, k =1,2,---.
@ Condition 2 : If limp_.oc [ga Ck(X)|¢n — ¢|(dx) = O for each
k=12 then A\(X,¢) = limp_ o0 A\(X, (n)-
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Spatial birth-death process as the solution of SDE

Theorem (Garcia and Kurtz (2006))

Assume that ) is translation invariant and satisfies Condition 1 and 2,
and that 7y is translation invariant. Suppose that

a(x,y) nglplk(xywéy)—k(x,n)! (1.2)

and that there exists a positive and bounded function c’(x) such that

v sup [ CaY)

dy < oo, (1.3)
xcRd JRA c'(y)

Then, there exists a unique solution of (1.1) and r is translation
invariant.
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Introduction

Remarks.
(@) In the random packing problem, we can use a(X,y) = Lyx_y|<2r}-
(b) In our main theorem, the birth rate is assumed bounded and

< .

In this case, we can set ¢’(x) = 1, then all the conditions on ¢’ in
above theorem are satisfied.
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Introduction

(c) In this paper, we always assume that A(x, ¢) is bounded. Hence if
ck (x) is integrable, Condition 1 is satisfied.

(d) By Lemma 2.5 in Kurtz and Garcia (2006), if there is a finite
interaction range, that is, there exists a large number K such that
a(x,y) = 0 for all x, y satisfying |x —y| > K, Condition 2 is
satisfied. The random packing problem satisfies this condition.
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(e) If

a < .

we can set one of the functions ¢y in Condition 1 and 2, say ¢4, to
be W then for each x, we can find a number k(x) which
only depends on x, such that

a(x,y) < k(x)ea(y),

for all y. Then in this case, Condition 2 is satisfied. In fact, if
limn_ce fs C1(X)|¢n — ¢|(dX) =0,

‘)‘(Xv C) - )‘(Xv Cl’l)|
SA%KW%—QWWSHMAQWMVKWW*O

One can see that Condition 1 and 2 are not restrictive in this
paper.
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Theorem
An Extended Penrose’s Multivariate Spatial CLT

Notations:
@ d: dimension of Euclidean space.
@ Forx = (Xq,- - -.Xg) € RY, write |x| for the Euclidean norm of x and
[X]| := maxi<i<d |Xil-
@ ForACRY teR,andy € RY,
o tA={tx: x € A}; ry(A)={y + x: x € A}; 9(A)=boundary of A.
o If Alis (Lebesgue) measurable, write |A| for its Lebesgue measure.
@ Riemann measurable set : bounded and with Lebesgue-null
boundary.
° Rd(Rd) denotes the collection of Riemann measurable subsets of
R,
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An Extended Penrose’s Multivariate Spatial CLT
@ X = (Xz,z € Z9): a family of independent identically distributed
random elements. For example, in this paper
Xz = (T—2(N|(gy+2)x[0,00)3)> T2 (0] (B +2)x[0,00)))

T_, denotes the shift operator, By is the unit cube in RY.

@ H={H(X,A):1>1AcR(RY}: acollection of random
variables, where for each | > 1 and A, H;(X,A) is a function of
(Xz,z € Z%). We call H random set function. Sometimes we write
H|(X,A) as H|(A).

@ For example, in this paper, H;(A) = n:(IA). Another example is

Hi(A) = /A /.A (%, y ) () (dly).

where f some appropriate function.
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Theorem
An Extended Penrose’s Multivariate Spatial CLT

@ Fory,z € 79, write y < z if y precedes z in the lexicographic
orderingon Z9, andy < z if eithery <z ory = z.
Fy = \/zeZd Z=y a{Xz}.

@ Forl>1,y €79, define H y(A) := Hi(ryX,A), where 7, X
denotes the family (X,4y,z € Z%). The definition of H y (A) in
terms of 7y X is the same as the definition of H;(A) in terms of X

@ X,: a copy of Xy and independent of the family X.

@ Foranyy < 74, define XY to be the family X with the value X, aty
replaced by X,, but with the values at all other sites the same.

o AflL(A) =Hiy(X,A) = Hiy(X%,A).

Qi, Xin (Peking University) Functional CLT for SBD processes July 15, 2007 20/58



An Extended Penrose’s Multivariate Spatial CLT Theorem

Stabilization Conditions : There exists a random variable A" such
that for any sequence {(In,yn)|ln > 1,yn € Z9} and any A € R(RY),

Afly,(A) == A% i liminf(ry, (InA)) = RY 2.1)
Afly,(A) =0 if  liminf(ry, (In(A%))) = R 2.2)

and for each A € R(RY), there exists K > 0 (depending on A), such
that

lim I% > E [(Aﬁy(A))Z] = 0. (2.3)
yezZd,|ly||>IK

Moment Condition : There exists v > 2 such that

sup{E “A[ty(A)P] AERMRY))I>1y ezl <co.  (2.4)
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An Extended Penrose’s Multivariate Spatial CLT Theorem

Theorem (Extended Penrose’s Multivariate Spatial CLT).

Suppose that H®, - - -, H* are random set functions and are integrable
for each | > 1 and A € R(RY). Each of them satisfies the stabilization
conditions and the moment condition for some ~ > 2. Let the k x k
matrix (o )¥;_, be given by

ij Jij=1
ofj = E|E(A%|R)E(A 7).
where 0 is the origin in RY. Then if A1, - - -, Ay € R(RY), we have
lim 179 Cov (] (A), HI (A)) = ofj A N A

and as| — oo,

(17972(H (A) — EH{ (A)))i_y = N0, o7 A N A .
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Theorem
An Extended Penrose’s Multivariate Spatial CLT

Remark. In Penrose (2005), the stabilization conditions only contained
(2.1) and (2.2), however, H,(A) is required to be a function of

(X : z €1Cy), where Cy is a Riemann measurable subset of RY, that
is, H;(A) only depends on a finite collection of elements in

(X : z € Z9). In order to remove this restriction, we add one more
stabilization condition (2.3).
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Sketeh of the proof
Sketch of the proof

@ Focus on the proof of the theorem for one-dimensional case.

@ For multidimensional case, we can prove the CLT for any linear
combination by the same martingale argument as the
one-dimensional case. Then by the Cramer-Wold device, we can
get the multidimensional CLT.
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An Extended Penrose’s Multivariate Spatial CLT Sketch of the proof

1=9/2(Hy(A) — EHI(A))
=172 (H () — E[H(A) M) + 17 2(EHI(A) M) — EHI(A)),

where [IK] denotes the largest integer number less than or equal to IK.
By calculation,

I~YE(E[HI(A)[Hpk)] — E[Hi(A)])?
e Y E[ahmy]

yezd [ly[|>IK

which goes to zero by (2.3).
We will show |~9/2(H,(A) — E [Hi(A)|H[ik]) converges weakly to the
required normal distribution as | — oo.
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An Extended Penrose’s Multivariate Spatial CLT Sketch of the proof

Theorem (McLeish,1974)

Let {Xn;:1<i<ksn=12--} beamartingale difference array
satisfying

(@)max; <k, |Xn | is uniformly bounded in L2,

(b)max; <k, |Xni| — 0 in probability.

(©)X124 X2; — 1 in probability.

Then S, = ZiK:”l Xni — N(0,1) weakly.
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An Extended Penrose’s Multivariate Spatial CLT Sketch of the proof

@ Let{z;,---,zn} be the set of all the points z € 798 such that
||| < [IK] ordered by lexicographic ordering on Z9 from the
smallest to the largest.

°
H|( ) — E[HI(A)[H k)]
:Z EMHi(A)Hw) \/ o{X ] -EMA) Hw; \  o{Xy})
i=1 1<<i 1<j<i-1
n
— D'Zi’
where {D li=1,---,n} are martingale differences.
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Functional CLT for spatial birth-death process Theorem

Let f(x) be a bounded and integrable measurable function on RY (with
respect to Lebesgue measure), define a family of real processes

(ft |d/2/f ’I]th /f 7’]th) |>1
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ViZEED
Functional CLT for spatial birth-death process

Theorem

Assume that the birth rate X is bounded by some positive number L,
translation invariant, and satisfies Conditions 1 and 2. Suppose that 7
is a Poisson random measure on R with constant intensity 1, and is
independent of N and that there exists a positive function ¢(x) such
that

M sup [ C0OE0CY)

dy < oo, 3.1
xeRd JRd C(y) Y (31)

c(x) is bounded in a neighborhood of the origin in RY, and

1 d
Jrd C(X)% X < oo.
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ViZEED
Functional CLT for spatial birth-death process

Theorem (Cont.)
Assume that

a(x,y) (3.2)

< 1+ [x —y[2d+s’

for some constants b > 0 and 6 > 0. Then there exists a Gaussian
process W indexed by (L1(RY) N L>°(R%)) x [0, c0), such that for each
f € LY(RY) N L>®(RY), W(f,-) has sample paths in Cg[0, c0). Let

{f1,- - -, T2} be a finite collection of the functions in L1(RY) N L>(RY),
the family of stochastic processes

YO (fg, 1), - YO (f, 1)) - 1 > 13,

converges weakly to (W (fy,-),- - -,W(fn,-)) as | — oo in Drn[0, c0).

v
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Functional CLT for spatial birth-death process Theorem

Remarks. (a). If the inequality (3.2) is satisfied for some constant
9 > d, all the conditions on c(x) can be derived from (3.2). In fact, we

can take c(x) = 1 + |x|?4*9. Then —1 is integrable, and
c(x)3

e [ SO0
xcRd JRd c(y)
(14 x| F9)a(x,y)

— sup dy
xerd Jra (L4 ]y[2d+9)
< 22449 L dy < oo
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Functional CLT for spatial birth-death process Theorem

Remarks.

(b). If c(x) is a positive function satisfying the conditions in Theorem
2.2 and a(x,y) satisfies (3.2), then c(x) v 1 = max{c(x), 1} also
satisfies the conditions in Theorem 2.2. In fact, defining

¢(x) =c(x) Vv 1, we have

/ 1 -ax </ ! -dx < oo,
RY C(X)3 Rd c(x)

c(xja(x,y)

sup

)
- dy < oo.
xcRd JRd c(y) y

Hence, we can choose c(x) to be a function bounded from below by a
positive number, so C(X) is bounded, and hence is integrable for

1

c(x)a
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Theorem
Functional CLT for spatial birth-death process

@ E: a subset of the collection of all bounded and integrable
Lebesgue measurable functions such that E can be topologized to
be a nuclear Frechet space, and for any f € E, there exists ck(x)
and a positive number a such that |f| < ac.

@ For example, if each ¢, has polynomial rate-of-convergence to
zero as |x| — oo, then E can be the Schwartz space in RY. Let E’
be its dual space.
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Functional CLT for spatial birth-death process Theorem

Corollary
Suppose all the conditions in Theorem 2.2 are satisfied. Let

t(l)(A) - Id% ne(I1A) — ETh(lA)]a I >1,

be a family of E’-valued processes whose paths are the elements in
De/[0, 00), then there exists a E’-valued process ¢ whose paths are the
elements in Cg/[0, c0) such that £) — ¢ weakly.

v

Proof.

The result follows immediately from our Functional CLT and Theorem
5.3 in Mitoma (1983). O

v

Qi, Xin (Peking University) Functional CLT for SBD processes July 15, 2007 34 /58



Proof
Proof of Functional CLT

@ We try to use the Extended Penrose’s CLT to prove that the
finite-dimensional distributions of Y ()(14, -) converge weakly to
multivariate normal distributions, where A is a Riemann
measurable subset.

@ Forany setE c RY x [0,00)3(or RY x [0, c0)), we use N|g(or
flo|e ) to denote the restriction of N(or #) to E.

o Let EO = [1",[-%,2) be the unit cube with the center at the origin
in RY.

@ We define a family of independent identically distributed random
elements X = (X, : z € Z9), where

Xz = (T-2(N|(By+2)x[0,00)2)> Tz (ol (Bo+2) % [0,0)))

T_z denotes the shift operator.
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Proof
Proof of Functional CLT

@ Ng: a Poisson random measure on By x [0, o0)® independent of N
that has the same distribution as N|g_ [0 o0)s-

@ Let N° be the Poisson random measure obtained from N by
replacing Ng; [0,00)3 With No.

@ 7)o,0: a random measure independent of 7y, having the same
distribution as o[, x [0,00)-

@ Let /3 be fp with the restriction to By x [0, co) replaced by 7 o.

@ Let X, = (No,7jo,0), then X, has the same distribution as Xq and is
independent of (X;).

@ Let X9 be the family X with X, replaced by X, and with all others
the same.
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Proof
Proof of Functional CLT

@ Forany 0 <t; <-.-<t,andRiemann measurable sets
Ag,- - -, An, we will show that (Y (La,,t1),- -+, Y (14, th))
converges weakly to a multivariate normal distribution.

@ Under the conditions of our Functional CLT, »; is the unique
solution of the following SDE,

m(A) = Ljo xms )] (U)L(t—s,00) (NN (dX, ds, dr, du)

/A>< [0,t]x[0,+00)?2
T / Lt (1 )0(0X, d),
Ax[0,00)

then 7 is the function of N and 7}, and hence it is a function of the
family X.
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Proof
Proof of Functional CLT

@ Let H/(X,A) =n(lA), wheret > 0 and A is a Riemann
measurable set in RY.

@ Foranyz € Z9, H ,(X,A) = Hi(72(X),A) = (1A + z). Then,
ATL(A) = Hiz (X, A) = Hi2 (X% A) = (1A +2) = (1A + 2),

where 72 is the unique solution of the above SDE with N replaced
by N°.
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B
Key Lemma

Lemma
For any t > 0, we have

sup cGOE [ [ ac.y)lm = 5fl(dy)] < 2(L+ ja)M sup e(y)e™

Xx€ERd Y€By

Remark: The function c(x) in the conditions of Theorem 2.2 is
bounded in a neighborhood of the origin in RY, without loss of
generality, here we assume that c(x) is bounded in By, because
otherwise we can replace the lattice Z% by ¢Z9 for a sufficiently small
e > 0.
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Proof
Proof of Functional CLT

The moment condition (2.4) follows from the next lemma.

Lemma

Suppose [ps —rdx < co. We have
c(x)3

sup {E [(]nt —n2|(B))3| : B is a bounded measurable set in Rd}

< 00,
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Proof
Proof of Functional CLT

Verification of the first stabilization condition (2.1):

@ By calculation, we can get the following inequality. For any
bounded measurable set B,

1
E [Im - n1(8)] < K}”(/B C(X)dx+/mo dx),  (33)

where Kt(l) is a constant which depends on t, but does not
depend on B.
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Functional CLT for spatial birth-death process Proof

@ Let {Cp} be a sequence of Riemann measurable subsets of RY
satisfying liminf,_.. Cn = RY. Then

E[0(C) = 1P(Ca) = (o) ~ PG|

<E|Im = 9?I(Cn \ Cm)| +E |l —nI(Cm \ Cn)|

<Kt(1)(/ idx +/ dx) -0, as m,n— oc.
CoACn C(X) (CnACm)NBy

@ Hence Al (A) = m(IhA + zn) — 79(InA + za) converges in L if
lim inf—00 (73, (InA)) = RY, and the limit does not depend on A and
the sequence (In, zn).

@ The second stabilization condition (2.2) can be similarly verified.
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Functional CLT for spatial birth-death process Proof

Now we show that the third stabilization condition is true.

o
€ [(m — 18)7] < KPU( [ " ax?

B c(X)2

+/ 11dx+(/ dx)2+/ dx],
B c(X)?2 BNB, BNB,

where Kt(z) is a constant which depends on t, but does not
depend on B.

@ We can pick K large enough such that

5Y Elahey]

yezd |ly||>IK
K 1
§Kt(2)()d/ -dx -0 as | — oo,
27 Jix=% c(x)z

and third stabilization condition follows.
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Functional CLT for spatial birth-death process Proof

Theorem

Assume that the birth rate A is bounded by some positive number L
and translation invariant, and satisfies Conditions 1 and 2. Suppose
that 7 is a Poisson random measure on RY with constant intensity

independent of N and that there exists a positive function ¢(x) such
that (1.3) is satisfied, and c(x) is bounded in a neighborhood of the

originin RY, and [pq —1+dx < oco. Forany 0 <t; <--- <ty and
c(x)3

Riemann measurable sets Ay, - - -, An, (Y D (1a,,t1),- -, YO (L4, tn))
converges weakly to a multivariate normal distribution and the
covariance of the limit distribution can be given in terms of A, as in
Theorem 2.1.
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Functional CLT for spatial birth-death process Proof

@ If f(x) is the linear combinations of indicator functions of Riemann
measurable sets in RY, then the finite-dimensional distributions of
Y ()(f, ) converge weakly to multivariate normal distributions.

@ If f is bounded integrable function, we can find a sequence
{fa(x) :n=1,---} such that f, is a linear combinations of indicator
functions of Riemann measurable sets, and
sup ||fa|| < o0 and Iirr]n/ Ifa(x) — f(x)|dx = 0, (3.4)
n Rd

then we have

Iim/ (fa(x) — f(x))?dx = 0.
Rd

n
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Proof
Proof of Functional CLT

We can show that for any t > 0,
1 X
supE o ([, 1m0k [ 1¢m()

— ([ ) - /fn ()]~ o.

as n — oo, so the finite-dimensional distributions of Y ()(f, ) converge
weakly to multivariate normal distributions.
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Proof
Proof of Functional CLT

Lemma

¢! / £() 20y ()io(dx, dr ).t > 0,
RIx[0,00) |

is an (Ft)-martingale for any | > 1, (F) is the filtration generated by N
and 7jp. And its quadratic variation is

X N
/ ezrfz(T)l[O,t](r)UO(dxvdr)at > 0.
Rd % [0,00)
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Proof
Proof of Functional CLT

Lemma

Suppose A is bounded by a constant L and a(x,y) < W for
some constants b > 0 and § > 0. Then

sup  (1V|x —y[**?)
X,yERY s t<T

% [E[(A0x.ms) = EAC, 1)) MY, 1) = EA(Y )| < o

forany T > 0, where 1 V |x — y|9*9 denotes max{1, [x — y|9+°}.

We use a kind of “coupling” method to prove this lemma.
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Proof
Proof of Functional CLT

Lemma

Suppose a(x,y) < W, where b > 0 and § > 0 are constants.

Let f(x) be a bounded and integrable measurable function in RY with
respect to Lebesgue measure. Then forany T > 0,

1 X Y
|21S;SF<T |ﬁ /Rd /]Rd f(T)f(T)E [()\(X,ns)
- EA(X 1)), 1) ~ EA(Y,m)) | dxdly |

<wb )5 / F(y)|dy.

where b, is a constant which does not depend on f, and wy is the
surface area of the unit ball in RY,
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Proof
Proof of Functional CLT

We can show that for any t > 0,
1 X
supE o ([, 1m0k [ 1¢m()

— ([ ) - /fn ()]~ o.

as n — oo, so the finite-dimensional distributions of Y ()(f, ) converge
weakly to multivariate normal distributions.
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Proof
Proof of Functional CLT

In order to show the relative compactness of {Y )(f,.) : | > 0}. We
write

Y(I)(f,t) — Ht(l) + Ut(l) _ Vt(l)7

where
I 500 ~ (1 [ ~ (1 ~ (I
Ut():Ut()_E[Ut()}’ Vt() :Vt()—E[ t()]
g0
Vi |d/2/ /Rd 0,4+00)? )10 7x,n5-1 (U)N(dx, ds, dr, du)
v |d/2/ /Rd 0,4+00)? )10 a(xms)1(U) Lo, -] (F)N(dx, ds, dr, du)

X
= -1 u)N(dx,ds,dr,du
|d/2 /{(x,s,r,u):rzo,szo,s—s-rgt} ( I ) [O7>\(X’n57)]( ) ( )
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Functional CLT for spatial birth-death process Proof

m_ 1 X -
10 =zl [, F(D e ioox an

X ~
B[ 1))l o)
R4 x[0,00)

Note that f; Jax(0.+00)2 o)) (UN(dx, ds, dr, du) denotes the total
number of points which are born before and at time t in A,

t
// Lo a0ms )1 (U)Lo,t—s] (r)N(dx, ds, dr,du)
0 JAX[0,400)2

denotes the total number of points which are not only born but also die
before and at time t in A.
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Functional CLT for spatial birth-death process Proof

Lemma

Suppose ) is bounded by L and a(x,y) < W where b > 0 and
0 > 0 are constants. Then for each T > 0, there there exist two
families {fyl(')(é) :0<d<1,1 >1},i = 1,2 of nonnegative random
variables satisfying

E|[(HY —H2IR] <EP0)A],

E [(Ut(|+)h - Ut(l))z‘}_t} <E [7,(2)(5)\ft},

forall0 <t <T,0<h <J;in addition,

: (5] —
§L”E)S‘pr[7' (5)] =0
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Functional CLT for spatial birth-death process Proof

For any x,y € RY, we define q(x,y) = |[x —y| A 1.

Lemma

Suppose ) is bounded by L and a(x,y) < W
6 > 0 are constants. Fix T > 0. Then there there exists C > 0, such
that

D) ( I
E |a2(vh Va2 (v v )| < cn?
foral0<t<T+41,0<h<t. Inaddition,

fmy sup € (7] =0

2 where b > 0 and
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Functional CLT for spatial birth-death process Proof

The relative compactness of H!), UM and V() can be prove by using
the estimates in above lemmas and by Theorem 8.6, 8.8 in Chapter 3
of Ethier and Kurtz (1985). Then the relative compactness of
{Y)(f,.) : 1 > 0} follows the next lemma.
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Functional CLT for spatial birth-death process Proof

Lemma

Fixn. Fork =1,---,n,let {Z&kM :m=1,2,...} be a sequence of
stochastic processes whose paths are elements in Dg|[0, oc) endowed
with the Skorohod topology. If for each 1 < k < n, {Z&M} is relatively
compact in Dg[0, o) and all its limits have continuous paths a.s., then
the sequence Z (M = (z(&m) ... 7 (nm)) s relatively compact in
Dgn[0, ), and hence Z(t™) ... 1 Z("M) s relatively compact in
DR[O, OO)

Qi, Xin (Peking University) Functional CLT for SBD processes July 15, 2007 56 /58



Application to random packing problem
Application to random packing problem

The following theorem follows immediately our main theorem for
spatial pure birth process.

Theorem

Forall 7 € (0,00) and all d > 1, there exist constants 0 < oq , < 00
such that

N2 [ (1nA) — Enr (1nA)| 2> N(0, 03 )

and

n—!Var [nT(InA)] — 0§ .-

This theorem is slightly different from the result in Penrose and Yukich
(2002).
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Application to random packing problem
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