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Abstract: We consider the diffusion process on d-dim torus T,

dX(c)(t) = cb(X(c)(t))dt + dB(t),

where B(t) is the Brownian motion. We assume b(·) is a smooth vector field with period 1 and b(·) is divergence free,
which means div(b) = 0. The last condition implies that the Lebegues measure on T is the invariant measure for
X(c)(t). We study the rates of convergence of X(c)(t) to the equilibrium for large c. Our main result is the following.

Let L(c) be the generator of X(c)(t),

L(c)f =
1
2
∆f + cb · ∇f.

Define
ρ(c) = inf{−Re(ρ); ρ 6= 0, ρ is in the spectrum of L(c)}.

ρ(c) is used to measure the convergence rate of the diffusion process X(c)(t) to the equilibrium. That is, for some
K(c), ∫

T

|p(c)
t (x, y)− 1|dy ≤ K(c) exp(−ρ(c)t),

p
(c)
t (x, y) is the transition density of X(c)(t). We show that ρ(c) converges to ρ(∞) as c →∞. Here

ρ(∞) = inf{1
2

∫

T

|∇φ(x)|2dx},

where the infimum is taken over all φ = φ1 + iφ2 such that
∫

T

φ(x)dx = 0,

∫

T

|φ(x)|2dx = 1

and b∇φ = iµφ for some µ ∈ R. Some examples to calculate ρ(∞) will be given.
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