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Definition
Pt(x, ·): Markov kernel with stationary distribution π
Pt: Markov semigroup with generator L

Definition:

sup
x

||Pt(x, ·) − π||Var = ||Pt − π||∞→∞ → 0

By semigroup property, define the exponential
convergence rate

α = sup
{

ε > 0 : ∃C < ∞ s.t. ||Pt − π||∞→∞ ≤ Ce−εt
}

that is

α = − lim
t→∞

1

t
log ||Pt − π||∞→∞,
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Recall: qualitative
Meyn & Tweedie et al: petite set C, supx∈E E

xτC < ∞.
and the famous drift condition

H-J, Zhang; An-Yue, Chen; Xiang Lin; Zhenting Hou:
strong ergodicity ⇒ non FRR semigroup; they are
equivalent for monotonic process; birth-death process,
extended branching process

Zhang,Y-H: single birth process (or upward skip free
process)
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Recall: convergence rate
Doeblin(1930-40): Discrete time Markov chain

∃n, Pn(i, A) ≥ εν(A) ⇒ rexp ≤ (1 − ε)1/n.

Where

rexp = inf {r ≤ 1 : ||P n − π||∞→∞ ≤ Crn}

Dobrushin coefficient(1960):

δ(P ) =
1

2
sup
ij

∑

k

|pik − pjk| ⇒ rexp ≤ δ(P )

Griffeath(1975): coupling method, basic coupling

Aldous; Fill; Diaconis; Saloff-Coste: Markov chains

Strong Ergodicity: Some New Results – p. 5/29



Recall: convergence rate
Doeblin(1930-40): Discrete time Markov chain

∃n, Pn(i, A) ≥ εν(A) ⇒ rexp ≤ (1 − ε)1/n.

Where

rexp = inf {r ≤ 1 : ||P n − π||∞→∞ ≤ Crn}

Dobrushin coefficient(1960):

δ(P ) =
1

2
sup
ij

∑

k

|pik − pjk| ⇒ rexp ≤ δ(P )

Griffeath(1975): coupling method, basic coupling

Aldous; Fill; Diaconis; Saloff-Coste: Markov chains

Strong Ergodicity: Some New Results – p. 5/29



Recall: convergence rate
Doeblin(1930-40): Discrete time Markov chain

∃n, Pn(i, A) ≥ εν(A) ⇒ rexp ≤ (1 − ε)1/n.

Where

rexp = inf {r ≤ 1 : ||P n − π||∞→∞ ≤ Crn}

Dobrushin coefficient(1960):

δ(P ) =
1

2
sup
ij

∑

k

|pik − pjk| ⇒ rexp ≤ δ(P )

Griffeath(1975): coupling method, basic coupling

Aldous; Fill; Diaconis; Saloff-Coste: Markov chains

Strong Ergodicity: Some New Results – p. 5/29



Recall: convergence rate
Doeblin(1930-40): Discrete time Markov chain

∃n, Pn(i, A) ≥ εν(A) ⇒ rexp ≤ (1 − ε)1/n.

Where

rexp = inf {r ≤ 1 : ||P n − π||∞→∞ ≤ Crn}

Dobrushin coefficient(1960):

δ(P ) =
1

2
sup
ij

∑

k

|pik − pjk| ⇒ rexp ≤ δ(P )

Griffeath(1975): coupling method, basic coupling

Aldous; Fill; Diaconis; Saloff-Coste: Markov chains

Strong Ergodicity: Some New Results – p. 5/29



Recall: convergence rate
Saloff-Coste: diffusion on compact manifold

Hino; Wang, F-Y: Convergence of semigroup in L1 (by
symmetry)

||Pt − π||∞→∞ = ||Pt − π||1→1

Wu, L-M: a comprehensive study in various spaces,
discrete time

Mao: diffusion and Q process
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Coupling
Xt = (X1

t , X2
t ) coupling Markov process. Coupling time:

T = inf{t ≥ 0 : X1
t = X2

t }

Basic coupling inequality:

||P (t, x1, ·) − π||Var ≤ 2

∫

E
π(dx2)P

x1,x2 [T > t]

Saloff-Coste: variance threshold time

η = inf
{

t ≥ 0 : ||Pt − π||∞→∞ ≤ e−1
}

If
S := sup

x1,x2

E
x1,x2T < ∞

then α ≥ (eS)−1.
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Coupling
The above estimate can be improved as:

∃λ > 0

sup
x1,x2

E
x1,x2eλT < ∞,

then α ≥ λ.

Usually,
sup
x1,x2

E
x1,x2Tn ≤ n!Sn, n ≥ 1

so that
α ≥ S−1
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Upper bound for α

Right-continuous is assumed τA: hitting time of A.

For closed A with π(A) > 0

sup
x≥0

E
xτA ≤ inf

{

R

π(A) − Ce−αR
: R > α−1 log

C

π(A)

}

.

In particular,

α ≤
2

π(A)
log

2C

π(A)

(

sup
x≥0

E
xτA

)−1
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Convergence rate: diffusion
(M, g) complete Riemannian ( ∂M empty or convex)
L = ∆ + ∇V , V ∈ C2(M), Xt : L-diffusion,
π(dx) = eV dx/Z
RicM ≥ −Kg, K(V ) = inf {r : HessV − RicM ≤ r}.

For suitable γ ∈ C[0, D] (for example, γ(r) = K(V )r)

C(r) = exp

[
∫ r

0
γ(s)ds/4

]

, r ∈ [0, d)

δ(M) =
1

4

∫ D

0
C(s)−1ds

∫ D

s
C(u)du.

α ≥ δ(M)−1.
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Convergence rate: Q process
Coupling Q̃ = (q̃ij) for Q = (qij):

Q̃f(x1, x2) = Qf(x1), f(x1, x2) = f(x1)

Q̃f(x1, x2) = Qf(x2), f(x1, x2) = f(x2)

Independent coupling:

Q̃0f(x1, x2) = [Qf(·, x2)](x1) + [Qf(x1, ·)](x2)
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Convergence rate: Q process
Classical coupling

Q̃cf(i1, i2) =

{

[Qf(·, i2)](i1) + [Qf(i1, ·)](i2), if i1 6= i2,

Qg(i1), if i1 = i2,

where g(i) = f(i, i).

For probability measures µi, νi(i = 1, 2),

||µ1 × µ2 − ν1 × ν2||Var ≤ ||µ1 − ν1||Var + ||µ2 − ν2||Var.

For classical coupling (or independent coupling) with
coupling time T , strong ergodicity ⇔ supi1i2 E

i1i2T < ∞.
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Convergence rate: Q process
A sufficient condition:

Let D be an absorbing set for Q = (qij) process (i.e.
i ∈ D, qi = 0 ), and i ∈ Dc,

∑

j∈D qij ≥ β, then
supi∈Dc E

iτD ≤ 1/β.

For any coupling Q̃, if βij :=
∑

k q̃(ij)(kk) ≥ β, then α ≥ β.
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Convergence rate: Q process
Basic coupling:

Q̃bf(i1, i2) =
∑

j

(q1
i1j − q2

i2j)(f(j, i2) − f(i1, i2)

+
∑

j

(q2
i2j − q1

i1j)(f(i1, j) − f(i1, i2)

+
∑

j

(q1
i1j ∧ q2

i2j)(f(j, j) − f(i1, i2)

If i 6= j

βij = qij + qji +
∑

k 6=i,j

qik ∧ qjk ≥ β,

then α ≥ β.
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Convergence rate: Q process
Example:
Let qij = πj , i 6= j;πj − 1, j = i, then α = 1. Furthermore
σ(L|L∞) = σ(L|L2) = {0, 1}. Indeed,
βij = πj + πi +

∑

k 6=i,j βk = 1.

Example
Let q0i = bi, qi0 = qi, i 6= 0,

∑

i bi < ∞, the strong
ergodicity ⇔ infi qi > 0, and α ≥ infi qi. Indeed,

βij =











qi + bi, j = 0, i > 0

qj + bj , i = 0, j > 0

qi ∧ qj , i > 0, j > 0

α ≤ gap ≤ infi qi, thus α = gap = infi qi.
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Convergence rate: Q process
Monotonicity and Order-preserving coupling
(E,≤): partial order, M : class of monotone functions
Monotonicity: Ptf(x) ≤ Ptf(y), x ≤ y, f ∈ M

(Zhang,Y-H) Assume E = {0, 1, 2, · · · } with the usual
order. For monotone process, there exists coupling
Xt = (X1, X2) s.t.

P
i1i2 [X1

t ≤ X2
t ] = 1, t ≥ 0, i1 ≤ i2.

For a monotone process on {0, 1, 2, · · · }, we have

α ≥ 1/ sup
i

E
iτ0
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Convergence rate: Q process
Extended branching process with Q matrix as:

qij =







































q0j , j > i = 0;

−q0, j = i = 0;

rip0, j = i − 1, i ≥ 1;

ripk+1, j = i + k, i, k ≥ 1;

−ri(1 − p1), j = i ≥ 1;

0, else, i, j ∈ Z+.

Assume ri = iθ, q0i = pi

let M =
∑

k kpk, P (s) =
∑∞

k=0 pks
k − s, then

E
iτ0 =

1

Γ(θ)

∫ 1

0

(1 − si)| log s|θ−1ds

P (s)
.
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Convergence rate: Q process
If M < 1, θ > 1, then

α ≥
(1 − M)(θ − 1)Γ(θ)

2(θ − 1)Γ(θ) + 1
.

If M = 1, θ > 2, then

α ≥
ab(θ − 2)Γ(θ)

b(θ − 2)Γ(θ) + 4a
.

where a = P (1/2), b = P ′′(1/2).
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Discrete spectrum
In a Banach space B, discrete spectrum σdisc(L|B):
eigenvalues with finite multiplicity
σess(L|B) = σ(L|B) \ σdisc(L|B)

(Wu,L-M) For diffusion and Q process, σess(L|L
∞) = ∅

iff
∀ε > 0,∃K ⊂⊂ E, s.t. sup

x
E

xτK ≤ ε

where τK is the (first) hitting time of K

Strong Ergodicity: Some New Results – p. 19/29



Discrete spectrum
In a Banach space B, discrete spectrum σdisc(L|B):
eigenvalues with finite multiplicity
σess(L|B) = σ(L|B) \ σdisc(L|B)

(Wu,L-M) For diffusion and Q process, σess(L|L
∞) = ∅

iff
∀ε > 0,∃K ⊂⊂ E, s.t. sup

x
E

xτK ≤ ε

where τK is the (first) hitting time of K

Strong Ergodicity: Some New Results – p. 19/29



Ultracontractivity
Assume the process is reversible

(weak) Ultracontractivity: (local)

∃t0 > 0, s.t. ||Pt||1→∞ < ∞

then α = gap(L).

(strong) Ultracontractivity: (globe)

∀t > 0, ||Pt||1→∞ < ∞

then

σess(L|L
∞) = σess(L|L

2) = ∅ σdisc(L|L
∞) = σdisc(L|L

2)
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Ultracontractivity
(strong) Ultracontractivity implied by Nash inequality

Example: On R
d, L = ∆ + ∇V · ∇ with

V (x) ≈ −|x|γ(|x| → ∞), γ > 2.

Example: Birth-death process: ai = bi = iγ , γ > 2, b0 = 1
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Discrete spectrum: diffusion
L-Diffusion on Riemannian manifold
ρ: distance function, D: the diameter

h(γ, r) = exp

(
∫ r

0
γ(u)du

)

F (γ,D) =

∫ D

0
h(γ, s)−1ds

∫ D

s
h(γ, u)du

Suppose that γ1, γ2 ∈ C[0,∞) such that
γ2(ρ)ρ ≤ Lρ ≤ γ1(ρ)ρ, then
(1) F (γ1, D) < ∞ implies σess(L|L

∞) = ∅
(2) strong ergodicity implies F (γ2, D) < ∞.
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Single death process
Single death process (downward skip free process):
qij = 0 for i − j ≥ 2

Regularity is assumed

For single death process, strong ergodicity is equivalent
to σess(L|L

∞) = ∅

Application to extended branching process to get the
explicit criteria.
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Random walk on trees
time–continuous random walk on T

Tree T = (o, V, E): root o, vertices V , edges E.

i ∈ V , denote by i∗ the parent of i, by J(i) all children of
i.
For any i ∈ V , there exists a unique path (no loop) in
the tree connecting i to o, the set of the vertices on the
path (excluding o) is denoted by P (i), i.e.
P (i) = {i, i∗, i∗∗, · · · }.

The subtree rooted from i is denoted by Ti.
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Random walk on trees

J(i) Tj

o · · · i∗ i j
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Random walk on trees
Let ai, bi, i ∈ V be two sequences of positive reals.
Q = {qij : i, j ∈ V } :

qij =











ai, if j = i∗, i 6= o;

bj , if j ∈ J(i);

0, for other i 6= j.

reversible w.r.t. π = (πi, i ∈ V ) defined by

µo = 1, µi =
∏

j∈P (i)

bj

aj
(1)

with µ :=
∑

i∈V µi < ∞ so that πi = µi/µ
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Random walk on trees

o · · · i∗ i j
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Random walk on trees
For regular random walk on tree, strong ergodicity iff

sup
i

∑

j∈P (i)

µ(Tj)

µjaj
< ∞

which is equivalent to σess(L|L
∞) = ∅
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QED

Thank You !
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