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o C ;= C([0,1];R%).
e For Q C R? an open region,

D ={weC w(s) € forall 0<s< 1}
1. IbP formula for the Wiener meas. on D

|"'

F : a smooth functional on C.

h = (h‘l: Ry . :rh'd):'h'i € CSG((D:I 1))
For a,b € €2,

Wf'dbl] : the pinned Wiener meas. s.t. w(0) =a and w(l) =b.
| (+,+) : L*([0, 1])-inner product.
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|, onF(w) aWighy(w) = — | F(w) S () w w;) AWEE () + (BT,

=1
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where (BT) = Boundary Term
= analogue to that in the Divergence Theorem
of finite dimension.
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Zambotti(PTRF 123, 2002): | SFDE; m.,h reflection
€ — (D:m) CIR b=a | _ ﬂf Nlldart_ﬁl‘idﬂlix VP&
Biane’'s theorem relating Brownian and 3-dim. Bessel bridges

=

a2 2 2
(1) (BT)=— /{;}1 du h(u) \/ﬂ.u\/(_]_ exr.w (—%L") exp {_2(111_* u)}

xgﬁfg ® By [F(wy o w2)l,




where

E[E’E}'i' the expectation w.r.t. Pm’y]’+ the law of 3-dim. Bessel
bridge over [I,r] s.t. w(l) = z,w(r) = v, Wy W,
and - |
wi(s), 0<s<u, |
2 w1 ewo)(s) = |
(2) (w1 0 w)(s) Lw@% " iy :
0 u 1
‘-_——-v,____,..d"
An alternative expression of (1): Wie Wz
e B, B: indep. Brownian motions starting at a > O.
o et

To(B) := inf{t > 0; By = 0}, To(B) := inf{t > 0; B; = 0}.




e Conditionally on Tgo(B) + To(B) = 1, define Y = {¥;,0 < ¢t < 1} by

T 0 <t < To(B),
& =i To(B) < t < To(B) + To(B).

To(B)+To(B)—t’
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IF’“D 17t the law on @ @0l 0 coltafi .

# For a path w € C([0, 1]; [0,00)) starting at a and endmg at b and
hitting the origin only one time, set
So(w) := the time at which w(Sp(w)) =0
IaWTg(B) given Tp(B) + To(B) = 1 (under ]P‘Ea?l"]l).
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With these notations,

(4) (1) = —4ae~2 B [h(So(w)) F(w)]
This follows from the fact that, conditionally on Tp(B) = u, {Bt,0 <
t < Tpo(B)} has the same law as P['Eil"‘ and that

a’

Py (To(B) € du) = \/2{;—”3 exp (—g) du.

Question: What about the case of more general Q’'s?



Answer: A similar expression to (4) holds.

Notations:

e 2 C R4: an open, bounded region with a piecewise smooth boundary
(so that the divergence theorem in finite dimension applies
to 2).

e B, B: indep. d-dim. Brownian motions starting respectively at
a,b € 2.

e Let

ro(B) = inf{t > 0; B; e R\Q}, 7o(B) =inf{t > 0; B; € R\Q}.



e Given 7q(B) + 7q(B) =1, B, (p) =, and E’m(g) =z,
Y = {Y;,0 <t < 1} is defined similarly to (B

oy {Bm 0 <t < 10(B),
t ‘=95 .
BTQ(B)+TQ(§)"t’ TQ(B) Sit= TQ(B) 4+ TQ(B)'
ﬂ)h
a § Lf VATY
- b
,Z,0. el 1 ‘
8 IP?OJ]. the law on C([0,1];<2) of Y. o ;
s T e



e For a path w € C([0, 1]; ) starting at a and ending at b, and hitting
the boundary 82 only one time at the point z, define

Sz(w) := the time at which w(Sz(w)) = z.

e Ao: the Dirichlet Laplacian for 2.
o e—tHa(y 2), y,z € 2: the integral kernel of the semigroup e~

generated by Ho := —(1/2)Aq; i.e.,

tHq

2
etHa(y, z) = = ex _|y = W2 (w(s) € R,0<s<t).
(y? \/(Q,ﬂ-t)d D Qt [D,t] ) 5 i



Conditions on € (I still have to work on this part....):

(i) for each fixed t > 0 and y € 2, the integral kernel e~*Q(y, 2) has
an extension to § which is C1 up to the boundary;

(ii) the restrictions to 92 of functions which are harmonic on €2, and
¢! up to boundary, is dense in the set of continuous functions
on 052. |

e [Aizenman-Simon, Comm. Pure and Appl. Math. 35]

Theorem A. 3. 2:
(), (i) =
1 0
(5)  Pa(tq(B) € dt, B, (p) € dz) = 5

Qanmﬂ_mn(“* z) o(dz) dt,



where

(0(dz) : the surface measure on 8%,
{ Ny . the inward normal vector at = € 0€2,
0/0ng . the normal derivative at z.

Under these notations and conditions, (BT) is expressed as:

- d/2 i
(BT1) S 2) ela—bl%/2 /&Q o(dx) ]E[djf]}[nm - h(Sz(w)) F(w)]

1 0 0
d —uHg —(1—uw)Ho b, ).
X /ﬁ U aﬂmﬁ | (ﬂ-,m)a ;: (b, )
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2. Another expression of (BT) in terms of ground state
for HQ

e ¢g: the smallest eigenvalue of Ho = —(1/2)Aq; i.e.,

1
='nf—f V|2 dz: cmnf 2 4o =
eo = inf{Z | Vi dai f € CR(€), [_|fIPde =1}
1
= — lim —log P,(7q(B) >t), Va € S.
t—oo ¢

e fo: a corresponding eigenfunction: Ho fo = egfo.
e P;: the law on C([0,); 2) of X, the solution to the following SDE:

iX =W >0 Xy =zl

0

1}k



e p:(x,y): the transition density of X.
o IF’”" the pinned measure over [I,r] determined from B, so that

PEY (w(D) = z,w(r) = y) = 1.

With these notations, (BT) is also expressed as:

(Qﬂ.)d/’? E|a—b|2;’2—5[}

1 | dfo\?
(Broy is -t /D du fa _ o(da) h(w) - g (E‘Jnm)

X ':[ID:E]@E[ 1][F(w1-wg)],

where wi e wy is defined as (2).
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Example 1 (Thecase Q={zeR;-1<z<1}).

e fo(z) = cos(5z), eg = 72/8.
e SDE:

dX; = dWy — gtan(g){t)dt, t>0, Xo=ze€l[-1,1].

5/2 (a—b)<4/2
?T) E_WEKE &

S (5 {:Ds(—g—a) cos(5b)
< [ dun(w{Eg, ®IE[ : [F (w1 » w2)lpu(a, 1)p1—u(b, 1)

IE? u) & E[ 1] [F(wl e w)]pula, —1)p1_y(b, —1)}-
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Derivation of (BT2) (heuristic):

1
“Penalty method” ¢:(z) := —1qc(z) (¢ > 0).
£

Consider the weight:

1
Ge(w) = Exp{—f we(w(s)) ds}.
Cameron-Martin: i ]lp(w)

| F(w+ 6h)Ge(w) Wil (w)
= f(ij(w)GE(m — 6h)
x exp{—8 Z(h” w;) — —52 }:(h’ h)} dW[D 17 (w).
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Take —‘5 on both sides:
RHS —
- | Fw) Z(h w;)Ge(w) AW[gy (w)

Wil 1(w(u) € dz)
2nd term =" — ]01 du /59 o(dz) (h(u) - ng) 9, 1] t;;

X — Wf”[f | ® Wi 1] [F (w1 @ w2)Ge(wy @ w2)].

(Can we confirm “=" by using, e.d., the theory of Watanabe’s dis-

tribution?)
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Rewrite:
EWFG;L] 3 Wﬁ:i] [F(w1 ® wp)Ge(wy @ wo)]
W @ W F (w1 e w2)Ge(wy ¢ wp)]
B Wﬁful & Wﬁfl] [Ge(wy @ w2)]

1
Ewﬁ‘;i—u] [GE;l—u(w)]

1 a,t
X 7=VI0u [Geu(w)] X
=. IE: X IIE A IIIEE,

t
where G; t(w) = exp{—fo pe(w(s))ds}, 0 <t <1,

- a,T x,b
Note: I¢ ——rEm E[o,u] ®E[u,1] [F(wqy @ wy)].
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For II. and IIl., we have:
Proposition 1. Forae 2, z € 82, and t > 0,

1 pt(x, a)e 0" Jfg
e Wi6.qlGe(w)] B i) o

Note:
Proposition 1 =

WEEE}” (w(u) € dz)

dx
(27)3/2 gla—b|*/2—eo

o 2 fola)fo(d)

I x Il X

(ziZ)zpu(ﬂ, z)p1-u (b, z)

= (BT2) follows.

% (2mt)¥/2l—al/2t,
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Key to Proposition 1:

1
g. sufficiently small so that H: has an ground state f.
Lemma 2.
1 1 9fg
— ) for x € 0S2.
ﬁfE(m) el0 /2 Ong ®

(fo, fe: both normalized)
Remark 1. This may be regarded as a series expansion of £ in /e:

f-(y) = fo(y) + /e (1st factor) + (ve)2(2nd factor) +---, y € 2.

1 9dfo
\/ﬁﬁﬂ-m-

Is this kind of an expansion well-known? (WKB method?)

18
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3. A rough sketch of the (computational) proof of (BT1)

Replace the time interval [0,1] — [0,¢],t > O.

Accordingly,

C = C([0,1]; R%),

D = {w € C([0,t]; R%); w(s) € 2,0 < s < t}.

In this case the IbP formula reads, for a smooth functional F on C
and h = (hq,...,hq),h; € C8((0,1)),

(1IbP) / B, F (w) dW[D (W)

ol z / S / Y (w)w;(w) F(w) dWsh (w) + (BT),

g=1

19



d/2 P
Ty = @D exp(m d ) /ﬂ  o(dm) Bl s - h(Sa(w)) F(w)]

_“Hﬂ(a, ;r)——e_(t_“)Hﬂ(b, )

Proof of (IbP):
e For a ¢ : R% — Rcontinuous, set HE = —(1/2)Aq —|—(p

® E_tHﬂ(y,z). the integral kernel of the semigroup e ﬂ,t =)

1 — 2|2
et (y,2) = exp | 22!
\/(2'?Tt)d 2t

x W [e~ Jo #(w() ds; () € 2,0 < s < 1),
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Lemma 3. Fora €S2 and z € 052,

T (B) _ B‘ﬁwﬂ

(@
e “Ha(a, )

Eﬂ_[ﬂ— 0 (P(B-ﬂ') d5|’Tﬂ(B) = U, B‘TQ(B) — m] —
Ty

Remark 2. By L'Hospital's rule, RHS is equal to

oW lem D () € 2,0 S s < )

lim a
e W[Dju](w(s) eEQR,0<s<u)

g@-e_“Hﬂ(a, z)
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Proof. Let f: a test function on 9Q2. By (5),

70 (B)

Eu,[E_ 0 @(Bs)dﬁf(BTﬂ(B)); TQ(B) > t]
0o s,
=%£ du f@ﬂ o(dx) f(m)ﬁnme_uﬂﬂ(a, )

7 (B)
x Bale™ o #(B)4|16(B) = u, By(5) = 2.

So it suffices to prove

_ J«TQ{B
0

)
(6) Eale #(Bs)dsf(B__(py); 7a(B) > 1]
0

= L jce : —uHE
== [ du [ olds) f(2)5 —eT""0(a,0)-
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Note: {rq(B) >t} ={Bs €£2,0<s< t}. So,

LHS of (6)

t
= Eq[U(By)e” Jo #(Bs) ds; B;e2,0<s8< t] (.. Markov property)
— /Q dx U(m)e_tHE(a,,ﬂ:), (by definition)

rey(B)
where U(z) := Ez[f(B,o(B))e" o ¢(Bs)ds] Thus

-—-(LHS of (6)) = [ dzU(@)(~HE)e™ tHﬂ(a r)

1 tHﬂ({L ;1:)

— E—

2 Jo2

0
—— R S f =
-—T%( H. of (6))
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The 2nd equality follows from the divergence theorem and the fact
that U solves: HEU =0 on , Ulpq = f. Q.E.D.

Back to the proof of (IbP):
Note: (IbP) is linear in F and h = (h;)1<i<d-

Y

Approximate F and each h; by linear combinations of the form:
t
F(w) ~ Ze‘ Jo Wﬁ(w(sj)ds, @; - continuous,
J
hi(w) ~ SR @@H@E—w), 0<u<t, K, € C&U0,00)).
J

So it suffices to prove (IbP) for

F(w) = e Jo#@ds  ang  pi(uw) = ky(u)li(t—u), 1 <i<d:

24



d

(7) Z K@) = Z I4(t) + Z I%(t),
j=1 =1

where

I ()

= (27t)~ S 2t fduk(u).! (t—u)f O;o(w(u))e™ Jo p(w(s)) ds dW[ t]( w),

15(%)
= (zm)—%e*m‘%ﬂz /U t du {k! (w)l;(t — u) + k; ()l (t — u) — 2k;(w)l;(E — u)}

% /D ‘IUE'(’H.)E f{} {P(‘UJ(S)) ds dwﬂ b]( )
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and by Lemma 3,

I5(t)

1t i O —uH§ Z
= fD du /3 o, 0(dz) ngki(w)li(t — u) = —e -

(L%

e~ (t—wHG (b, z).

Here 8; = 8/8x;, n.: the i-th component of ng.
Note:

: t
() = [ duki(@)li(t - v) [ dedip(e)e Ha, z)e”(WHG (b, 2),
I%(t) — (similar expression in terms of the integral kernel).

So, by taking the Laplace transform in ¢,

26



(7) =

d _ d _ d _
(8) Y mi(y)= Y IB(v)+ ) O5(v), >0,
i=1 i=1 ga=1

where
Ty =[]~ dsdte™ " ki()() [ dzdip(@)e™ 5 (a, 2)e 02 (b,2),
o5(y) = ffff dsdt e~ VTR (8)1;(2) + i ()T (8) — 2k (s)1(2) }
X /Q dz mie_SHg(u, m)e“tﬂg(b, ),
15, (7) =—;~ A % dsdt e~ 1T ()L (E)

d ()
xfaﬂcr( T) N,

0
9 e—sHG (a,z) e_tﬂg(b} ).

Sﬂ.m aﬂm
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Note: by simple integration by parts,

Im5(v) =
& /ﬂf dsdt e~ 7Dk ()l (1) fQ de {(HEe™*H(a, ) (8ie"H2 (b, 2))

+ (Bie~*H0(a, 2)) (HEe~tH (b, 2)) }.

Compare these expressions = (8) is reduced to:
Proposition 4. For functions f,g on 2 s.t. flaa = glo = 0, and for
veRE,

(9) [ da(v-Ve)fg=~ | de{(v VOIHES + (v VHHES)

1 of Og

3 bha e nm)anm g
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Proof. We only need to consider the case g = f. Then by the
definition of HE,

1st term on RHS =/Qd:c (v-?f)zlf-—Q/Qdm W -if)or
Note: 2nd term = LHS of (9); indeed,
. 2 "
[ dz (0 V)12 +2 [ de(v-Vi)ef

= [_dzdiv(elf*)
= -faﬁu-(da:) (v - nz)o|f| (- divergence theorem)
= 0. ¢ flag = 0)
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So It remains to prove:

=
= 0.

£

(10) /ﬁ dz (v VAT + %faﬂa(d;ﬂ) (0 ) ﬁaf
Apply the divergence theorem to (v - V.IV.] to get:
(11)

| dzw-vHAF+ S [ o@0;00;1

g, =1
=~ [_o(de) (v V)5
e aﬁg(dm) (v ng) T!J; (- Vf= {ifmnm at z € 92)
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Moreover,

(12) Z / dz v;(8:0;£)0;f = = /dmdwuvﬂ%)
i,J=1

o [ o(da) (v- nz)|V £

:.—l J(dﬂ:) (v - ﬂ;’_r_:) of |°

2

Combining (11) and (12) ylelds (10) and ends the proof c:f the propo-
sition. @E 1D,
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