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Nearest Particle System (NPS)

Scz X={0,1}°

EeX=ACS, A={x:€&x) =1}
transition rate
xr € A, A — A\ {x} withrate 1

x €S\ A A— AU {z} with rate B(Iz(A), rz(A))



&Y, NPSon{0,1,---,N}

hitting time
oN = inf{tEO:ﬁi\r:@}

What is the rate that oy T o0 ?



Contact process

2\, | =7r =1;
Bl,r) =< A, l=1,r>1lorl>1,r =1;
0, otherwise

ni\’, contact process on {0,1,:-- , N'}
hitting time, 7 := inf{¢t > 0: ¥ = 0}

Critical value on 7Z

AL :=inf{\: P"(n; # 0 for all t > 0) > 0}



Theorems about contact process

Durrett& Liu, Ann. Probab. (1988)If A > A/, then 3 ~v; > O s.t.

TN 1 .
— — in prob., N — o©
log N %!

Durrett& Schonmanninn. Probab. (1988)If A” > X/, then 3 v, > 0 s.t.

log ™n
N

— 72 in prob., N — o0

Durrett, Schonman TanakaAnn. Probab. (1989)If A’ = A/, a, b € (0, c0), then

P(aN <7y <bN*) —>1, N > o0



reversible measure for QN

m(A)q(A, B) = m(B)q(B, A), forall A, B # 0.

Suppose 3(-) > 0, A = > 724 B(l) < oo, and

B)B(r)

B(lar) — B(l‘l"r)’

B(l,00) = B(oo,1) = B(I).

Then
w(A) =1, A={z};

n—1
m(A) = H ,8(287;_|_1 —z;), A={x1,%2,-"* ,Zn}
=1



&t survives if A = > 72, B(1) > 1, and dies otherwise.

PS¢ £ Oforallt >0)>0< A >1

T.M.Liggett, Interacting Particle Systems, Springer, 1985.

Consider one-parameter family

Ba(l) = A(l), where (1) > 0, Y52 9h(n) = 1.

e ()
Attractive: B (nF1) |l 1.



ldeas for estimating oy from above —

coupling with a birth and death process

N =0< N =0

|€iV|=’n —n —1 withraten

—n+1 withrate < (n+1)M

n -+ 1: the number of intervals

M : the supreme rate of birth in an interval



Theorem 1

Suppose

M

5 SOB) _
=S DL iy S

l+r=n
Then for any C'ny — o0,

lim P(ony < CNfA(N)) =1,

N —00
where
log N if \M < 1;
fX(N) =< NlogN if A\M =1;
(AM)N if AM > 1.



Estimating o v from below — coupling with 3(I,r) = 0

lim P(ony > (1—¢)logN)=1, Ve >O0.

N — o0

AKL1, on~logN

A>1, on~eN?



ldeas for estimating oy from below —

coupling with a contact process, renormalization
{0,1,--- N}~ L1 UIyU-.---UI,, |I;] = Np.

Construct a contact process nf (with infection rate A7) such that

> &Y (x) > np(k).

mEIk.

1 if ZmEIk fév(fl/’) > 1;
0 otherwise.

ng (k) = {



coupling & on I, with nf (k) as:

LY er & (2) = nf(k) = 1, then

¢N(z) — 0= ni(k) — 0.

2.6 Yper, & (@) = 0™(k) = 0, then
ny (k) — 1= €iv(az) — 0 for some x € I}.

A" < ger, birthrate at .



Theorem 2.

Suppose

29 (3n 1
)\>>\'Cmax i O)

S0 p()p(3ng — 1) Ym0 (i)

for some ng. Then 3~ > 0 s.t.

lim P (a'N > e7N) 1.

N —oo



Critical case : A =1

ldeas for estimating oy from above — coupling with a NPS on Z
&; . critical NPS on Z.

§o: &0(0) =1, |- =0,

P(%ol{0,1,..-,nv}) ~ Ren(B) = =(:[£(0) = 1)

r,2;/a — B, a — oo

Schinazi, Ann. Probab. (1992)

& >€& m<—n=§& =0 Vn



ldeas for estimating oy from below —

modified to be reversible at ()

EN: NPSon{0,1,---, N} modified as:

0 — {x} withrate g > 0
To be a reversible process: 7« ({0}) = q— 1, 7(A) = w(A)
T =inf{t > 0:§&" = 0}

Kny= )  w(A)=N?
AcSn\{0}



Theorem 3
Suppose A = 1, &)Y ~ Ren(B).
Then for Cy — 0 and C; — oo,

lim P (CNN <on < C}VNz) —1
N ——+o00



Thank you!

E-mail: dayue@math.pku.edu.cn



