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Nearest Particle System (NPS)

S ⊂ Z, X = {0, 1}S

ξ ∈ X 
 A ⊂ S, A = {x : ξ(x) = 1}

transition rate

x ∈ A, A → A \ {x} with rate 1

x ∈ S \A, A → A ∪ {x} with rate β(lx(A), rx(A))
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ξNt , NPS on {0, 1, · · · , N}

hitting time

σN := inf{t ≥ 0 : ξNt = ∅}

What is the rate that σN ↑ ∞ ?
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Contact process

β(l, r) =

 2λ, l = r = 1;
λ, l = 1, r > 1 or l > 1, r = 1;
0, otherwise

ηNt , contact process on {0, 1, · · · , N}

hitting time, τN := inf{t ≥ 0 : ηNt = ∅}

Critical value on Z

λ′
c := inf{λ : P η(ηt 6= ∅ for all t ≥ 0) > 0}
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Theorems about contact process

Durrett& Liu, Ann. Probab. (1988)If λ > λ′
c, then ∃ γ1 > 0 s.t.

τN

logN
→

1

γ1

in prob., N → ∞

Durrett& Schonmann,Ann. Probab. (1988)If λ′ > λ′
c, then ∃ γ2 > 0 s.t.

log τN

N
→ γ2 in prob., N → ∞

Durrett, Schonmann& Tanaka,Ann. Probab. (1989)If λ′ = λ′
c, a, b ∈ (0,∞), then

P
(
aN ≤ τN ≤ bN4

)
→ 1, N → ∞
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reversible measure for ξNt

π(A)q(A,B) = π(B)q(B,A), for all A,B 6= ∅.

Suppose β(·) > 0, λ =
∑∞
l=1 β(l) < ∞, and

β(l, r) =
β(l)β(r)

β(l + r)
, β(l,∞) = β(∞, l) = β(l).

Then

π(A) = 1, A = {x};

π(A) =

n−1∏
i=1

β(xi+1 − xi), A = {x1, x2, · · · , xn}
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ξt survives if λ =
∑∞
l=1 β(l) > 1, and dies otherwise.

P ξ(ξt 6= ∅ for all t ≥ 0) > 0 ⇔ λ > 1

T.M.Liggett, Interacting Particle Systems, Springer, 1985.

Consider one-parameter family

βλ(l) = λψ(l), where ψ(l) > 0,
∑∞
n=1ψ(n) = 1.

Attractive: ψ(n)
ψ(n+1)

↓ 1.
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Ideas for estimating σN from above —

coupling with a birth and death process

ξNt = ∅ ⇔ |ξNt | = 0

|ξNt | = n → n− 1 with rate n

→ n+ 1 with rate ≤ (n+ 1)M

n+ 1: the number of intervals

M : the supreme rate of birth in an interval
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Theorem 1

Suppose

M
4
= sup

n

∑
l+r=n

ψ(l)ψ(r)

ψ(n)
< ∞.

Then for any CN → ∞,

lim
N→∞

P
(
σN ≤ CNfλ(N)

)
= 1,

where

fλ(N) =


logN if λM < 1;
N logN if λM = 1;

(λM)N if λM > 1.
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Estimating σN from below — coupling with β(l, r) = 0

lim
N→∞

P
(
σN > (1 − ε) logN

)
= 1, ∀ ε > 0.

λ � 1, σN ∼ logN

λ � 1, σN ∼ eγN ?
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Ideas for estimating σN from below —

coupling with a contact process, renormalization

{0, 1, · · · , N} ∼ I1 ∪ I2 ∪ · · · ∪ In, |Ii| = N0.

Construct a contact process ηkt (with infection rate λ′) such that∑
x∈Ik

ξNt (x) ≥ ηnt (k).

ηn0 (k) =

{
1 if

∑
x∈Ik ξ

N
0 (x) ≥ 1;

0 otherwise.
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coupling ξNt on Ik with ηnt (k) as:

1. If
∑
x∈Ik ξ

N
t (x) = ηnt (k) = 1, then

ξNt (x) → 0 ⇒ ηnt (k) → 0.

2. If
∑
x∈Ik ξ

N
t (x) = ηn(k) = 0, then

ηnt (k) → 1 ⇒ ξNt (x) → 0 for some x ∈ Ik.

λ′ ≤
∑
x∈Ik birth rate at x.
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Theorem 2.

Suppose

λ > λ′
cmax

 2ψ(3n0)∑2n0
l=n0

ψ(l)ψ(3n0 − l)
,

1∑2n0
l=n0

ψ(l)


for some n0. Then ∃ γ > 0 s.t.

lim
N→∞

P
(
σN ≥ eγN

)
= 1.
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Critical case : λ = 1

Ideas for estimating σN from above — coupling with a NPS on Z

ξt : critical NPS on Z.

ξ0 : ξ0(0) = 1, ξ0|Z− = 0,

P (ξ0|{0,1,··· ,N}) ∼ Ren(β) = π(·|ξ(0) = 1)

ra2t/a → Bt, a → ∞

Schinazi, Ann. Probab. (1992)

ξt ≥ ξnt , rt < −n ⇒ ξnt = ∅, ∀ n
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Ideas for estimating σN from below —

modified to be reversible at ∅

ξ̃Nt : NPS on {0, 1, · · · , N} modified as:

∅ → {x} with rate q > 0

To be a reversible process: π̃({∅}) = q−1, π̃(A) = π(A)

τ = inf{t ≥ 0 : ξ̃Nt = ∅}

KN =
∑

A∈SN\{∅}
π(A) ≈ N2
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Theorem 3

Suppose λ = 1, ξN0 ∼ Ren(β).

Then for CN → 0 and C′
N → ∞,

lim
N→+∞

P
(
CNN ≤ σN ≤ C′

NN
2
)

= 1.
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————————

Thank you!

————————

E-mail: dayue@math.pku.edu.cn


