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ABSTRACT. The Poincaré-type inequality is a unification of various inequalities
including the F-Sobolev inequalities, Sobolev-type inequalities, logarithmic Sobolev
inequalities, and so on. The aim of this paper is to deduce some unified upper and
lower bounds of the optimal constants in Poincaré-type inequalities for a large
class of normed linear (Banach, Orlicz) spaces in terms of capacity. The lower
and upper bounds differ only by a multiplicative constant, and so the capacitary
criteria for the inequalities are also established. Both the transient and the ergodic
cases are treated. Besides, the explicit lower and upper estimates in dimension one
are computed.

1. Introduction. In this section, we recall some necessary notation and state
the main results of this paper.

Let E be a locally compact separable metric space with Borel o-algebra &,
p an everywhere dense Radon measure on F, and (D, (D)) a regular Dirichlet
form on L?(p) = L?(E; u). The starting point of our study is the following result,
due to V. G. Maz’ya (1973) [cf. Maz’ya [17] for references| in the typical case and
Z. Vondracek [22] in general. Its proof is simplified recently by M. Fukushima
and T. Uemura [10].

Theorem 1.0. For a regular transient Dirichlet form (D, (D)), the optimal con-
stant A in the Poincaré inequality

151 = [ FPau<AD(®).  fe2D)nCy(E) (1)
E
satisfies B < A < 4B, where || - || is the norm in L?(p) and
Be sp M (1.2)

compact K CaP(K) ’
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Recall that
Cap(K) =inf {D(f) : f € 2(D) N Co(E), f|x > 1},

where C(E) is the set of continuous functions with compact support. Certainly,
n (1.1), one may replace “Z(D)NCy(E)” by “Z(D)” or by the extended Dirichlet
space “Z.(D)”, which is the set of &-measurable functions f: |f| < oo, p-a.e.,
there exists a sequence {f,} C Z(D) such that D(f, — fm) — 0 as n,m — oo
and lim,_,, f, = f, p-a.e. Refer to the standard books Fukushima, Oshima and
Takeda [9], Ma and Rockner [14] for some preliminary facts about the Dirichlet
forms theory.

Actually, inequality (1.1) in one-dimensional case was initiated by G. H. Hardy
in 1920 and completed by B. Muckenhoupt in 1970 (see also Opic and Kufner
[19]), in the context of diffusions (elliptic operators) with explicitly isoperimetric
constant B.

The first goal of this paper is to extend (1.2) to the Poincaré-type inequality

1£°]ls < 48D(F).  f€2(D)NCo(E), (13)
for a class of normed linear spaces (B, || - ||, 1) of real functions on E. To do so,
we need the following assumptions on (B, || - ||s, 1)-

(H1) Ik € B for all compact K.
(Hp) If h € B and |f| < h, then f € B.

(Hs) [Iflle = supyeq [5 | flgdp,

where ¢, to be specified case by case, is a class of nonnegative &-measurable
functions. By using Fatou’s lemma and the completeness of Z,(D), one can also
replace “2(D) N Cy(E)” by “Z.(D)” in (1.3).

We can now state our first result as follows.

Theorem 1.1. Assume (H;)-(Hs). For a regular transient Dirichlet form (D,
2(D)), the optimal constant Ap in (1.3) satisfies

B < Ap < 4B, (1.4)
where

I
Bg .= sup |7 [[e

Con( K 1.5
compact K Cap( ) ( )

When B = LP(u) (p > 1), Theorem 1.1 was proven by Fukushima and Uemura
[10].

Next, we go to the ergodic case. Assume that u(FE) < oo and set m = pu/u(F).
Throughout this paper, we use the simplified notation: f = f — 7(f), where

) = f fdw. We adopt a splitting technique. Let E; C E be open with
w(E1) € (0,1) and write E; = EY \ 0F;. Restricting the functions f in (1.1) to
each F; (i.e., fles =0, ,u—a.e.), by Theorem 1.0, we obtain the corresponding
constant B; as follows.

K
Bi=  sup M, i=1,2. (1.6)
compact K CFE; Cap( )
This notation is meaningful because the restriction to an open set of a regular
Dirichlet form is again regular (cf. Fukushima et al [9], Theorem 4.4.3). Moreover,

since (D, 2(D)) is irreducible, its restrictions to E; and Es must be transient.
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Theorem 1.2. Let p(E) < oo. Then for a regular, irreducible, and conservative
Dirichlet form, the optimal constant A in the Poincaré inequality

/2] <AD(f),  fe2(D)NCoy(E), (L.7)

satisfies

|

sup By,
open E: w(E1)€(0,1/2]

> sup  max {Bi7(EY), Bom(E3)} >

open F; and Es

N |

A<4 sup B;. (1.8)
open Ey: w(E1)€(0,1/2]
In particular, A < oo iff sup B < o0.

open Ey: w(E1)€(0,1/2]

The restriction of B to E; gives us (B, || - H]Bi,/.,[/i):

1/

B = Sup/ |flgdp’ = Sup/ |flgdp,  i=1,2.
E;

geY"

Correspondingly, we have a restricted Dirichlet form (D 9) on L?(E;, '), where
2; = {f € 2(D) : the quasi-version of f equals 0 on Ef, q.e.}. The correspond-
ing constants given by Theorem 1.1 are denoted by Ag: and Bg: (i = 1,2),
respectively.

In the ergodic case, we also use the following assumptions.

(Hs) p(E) < oo.

(Hs) 1 €B.
Denote by ¢ a constant such that
Tl <eallfls,  feB (1.9)
For each G C E, denote by c2(G) a constant such that
[m(flo)| < c2(G)l| flclB,  feB. (1.10)

Theorem 1.3. Let (D, Z(D)) be a regular, irreducible, and conservative Dirichlet
form. Assume that (H3)—(Hs5) hold and that

sup co(Er)m(Ey)||1s < 1.
open E;: w(E1)€(0,1/2]

Then the optimal constant Ap in the Poincaré-type inequality

|72l <AsD(f),  f€2(D)nCo(E), (1.11)
satisfies
Ap >k sup Apt 2 K sup B, (1.12)
open E;: w(E1)€(0,1/2] open Ei: w(E1)€(0,1/2]
Ag <k sup Apr < 4R sup By,

open Ei: w(E1)€(0,1/2] open E;: w(E1)€(0,1/2] (113)
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where

r=(1- sup }\/CQ(El)w(E1)||1|yE)2, R= (14 /e 1]s)>.

open Ej: w(E1)€(0,1/2

A typical case for which one needs the Banach form of Poincaré-type inequality
is the F-Sobolev inequality (cf. Wang [23], Gong and Wang [11]):

/E FPFR(f*)dp < ArD(f), f€2(D)NCyE). (1.14)

Recall that a function ®: R — R is an N-function if it is nonnegative, contin-
uous, convex, even (i.e., ®(—z) = ®(x)), and satisfies

O(z)=0 iff x=0, lin%) O(x)/z =0, lim &(x)/x = oo.
r—r T—r 00
We will often assume the following growth condition (or Ag-condition) for &:

sup ®(2z)/®(z) < oo ( < sup z®’ (z)/P(x) < oo),

x>1 z>1
where @ is the left derivative of ®. The conditions listed below for F' guar-
antee that the function ®(x) := |z|F(|z|), as an N-function, satisfies the above
conditions.

Theorem 1.4. Let F': R, — R, satisfy the following conditions:

(1) 2F" + zF" > 0 on [0, ).

(2) F#0on (0,00), lim;_0 F(x) =0 and lim, o F(x) = c0.

(3) D, 2P (2)/ F(z) < o0.
Then Theorem 1.1 is valid for the Orlicz space (B = L®(w),| ||z = || - ||») with
N-function ®(z) = |z|F(|z|):

L () = {f: / <1>(f)du<00}, (1.15)
||f||<1>=sup{ [ 1siga: | <I>c(g)dﬂ<1}, (1.16)

where @, is the complementary function of ®. [If we denote by ¢, the inverse function

of the left-derivative of ®, then ®. can be expressed as ®.(y) = vl ©¢.] Furthermore

0
the isoperimetric constant is given by

_ . (K) ™1 + p(K) F(as (X))
BCI) N comspilc)t K Cap(K)

, (1.17)

where o, (K) is the minimal positive root of the equation: o?F’(a) = u(K).

The corresponding ergodic case of Theorem 1.4 has been treated in [1; Theo-
rems 11 and 12].

A more particular case is that F' = log. Then we have, in the ergodic case, the
logarithmic Sobolev inequality

[ Prog[/e)dn < AD(G). fE2DINCHE) (119

(due to L. Gross (1976), cf. Gross [12] and the references within). By examining
the entropy carefully, using different Banach spaces (but not Orliczian) for the
upper and lower bounds respectively, we obtain the following result.
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Theorem 1.5. Let (D, Z(D)) be a regular, irreducible, and conservative Dirichlet
form. Assume that (Hz)—(Hs) hold. Then we have

log 2 9 )
———— Bio < BlLoe(1/2) < Aros < 4 Bio , 1.19
Tog(1 + 2¢7) Des(@) < Brog(1/2) < Arog Los(€") (1.19)
where
1K) v
BLog('Y) = sup ———log (1 + ) (1.20)
open O: 7w(0)€(0,1/2] Cap(K) W(K)

compact KCO

One may regard Theorem 1.1-1.5 as extensions of the one-dimensional results
obtained by S. G. Bobkov and F. Gétze [3], Y. H. Mao [15, 16], F. Barthe and
C. Roberto [2] and the author [5, 6]. However, the criteria and estimates given in
the quoted papers are completely explicit, without using capacity. Even though
the capacitary results in dimension one can also be made explicit, as shown in
Section 4, the capacitary results here are much more involved; but this may be
the price one has to pay for such a general setup (for the higher dimensions, in
particular). Nevertheless, we have got the precise formula for the isoperimetric
constant Bg (or Bg) in the general setup. Of course, it is valuable to work out
more explicit expression for the constant in particular situations.

The proofs of Theorems 1.1-1.4 are presented in the next section. The proof of
Theorem 1.5 and some related results are given in Section 3. In the last section,
the isoperimetric constants in dimension one are computed explicitly.

2. Proofs of Theorems 1.1-1.4.

The key to prove Theorem 1.0 is the following result [cf. Fukushima and
Uemura [10], Theorem 2.1]:

Theorem 2.1.

/OOO Cap({z € E: |f(z)| = t}d(t*) < 4D(f), f € 2(D)NCyE).

Having Theorem 2.1 in mind, the proof of Theorem 1.0 and more generally
of Theorem 1.1 is quite standard. Here we follow the proof of Theorem 3.1 in
Kaimanovich [13].

Proof of Theorem 1.1. Let f € 2(D) N Cy(FE) and set Ny = {|f| > t}. Since N,
is compact, by (H1), In, € B. Next, since |f| < || f]loo Lsupp(s), by (H1) and (H3),
f? € B. Note that

00 00 I/
/ Ind(t?) = 2/ tI{ 1> dt = 2/ tdt = f? (co-area formula).
0 0 0
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By (H3), the definition of Bg, and Theorem 2.1, we obtain
72l =sup [ #gd
g€¥Y JE

=Sup/ < In,d( )gdu

9g€Y JE

=sup/ (/Ithdu)d( ?)
ge¥ Jo

< [l

< BB/ Cap(Nt)d(tz)
0
< 4BpD(f).
This implies that Ag < 4Bg.

Next, for every compact K and any function f € 2(D)NCy(F) with f|lx > 1
by (Hs) and (Hs), we have

HIKHIB% HfQHIB ApD(f).

Thus,
11k ||s < Asinf{D(f) : f € 2(D) N Co(E), flx > 1} = AzCap(K).

Taking supremum over all compact K, it follows that By < Ap and the proof is
completed. [

To prove Theorem 1.2, we need the following result.

Lemma 2.2. Let (D, %(D)) be a regular and conservative Dirichlet form, u(E) <
o0, f € 2(D)NC(E), and c a constant. Define f*f = (f — ¢)*. Then we have

D(f) = D(f*)+D(f7).
Proof. Let Pi(x,dy) be the transition probability function determined by the

Dirichlet form and set p;(dz,dy) = p(dx)P(z,dy). Then, by the spectral repre-
sentation theorem, we have

1

% pe(dz, dy)[g(y) — g(z)]* T D(g) as t 10 forall g € L*(p). (2.1)

Next, {f* > 0} and {f~ > 0} are open sets on which the restricted Dirichlet
forms are also regular. Moreover, since 1 € #(D), we have f* € 2(D); and
hence f* belong to the corresponding restricted Dirichlet forms, respectively.
Furthermore, it is easy to check the following crucial identity:

1f(y) = f@)] = [fTy) = [T @)+ | ) - (@) (2.2)
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Therefore

DU =lim 5 [ e dp)[0) - f(a)]”

—tim o, [ w(de )| @)~ @) + 11 0) - @)

> lfﬁ)l2lt pe(d, dy) (f* (y) — f+(95))2+
2

+1tiig21t/ut(dx,dy)(f(y) — [ (2))

=D(f")+D(f7). O (2.3)

Proof of Theorem 1.2. The proof below is essentially the same as in Chen and
Wang [7] and Chen [4, Theorem 3.1].

For each € > 0, choose f. € 2(D) N Cy(E) with n(f.) = 0 and n(f2) = 1
such that A~ + ¢ > D(f:). Next, choose ¢, such that 7(f. < ¢.) < 1/2 and
m(fe > c.) < 1/2. Set f* = (fo —c.)* and GF = {fF > 0}. Then GF are
open sets and Theorem 1.1 is meaningful for the restricted Dirichlet forms on
GZ. Denote by A(G) the the optimal constant A in (1.1), when the functions are
restricted on G. By Lemma 2.2, we obtain

1<1+¢
=a[(#5)°+ (1))
SA(GH)D(fF) + A(GZ)D(f2)
< [A(GD) vA(GO)] [D(f5) + D))
< [A(GD) vA(GD)] D(fe)
<[AGH) VA@GD)[A  +9)
< (Z_l +¢) sup A(O).

open O:7(0)€(0,1/2]

Because ¢ is arbitrary, we obtain a upper bound of A.
Next, for every f € 2(D) with f|ge = 0 and 7(f?) = 1, we have

() =7(f)> =1-7(fIc)* = 1 — = (f)7(Q) = 1 — 7(G) = 7(G").

Hence

—_7(f?) = 7(f)? _ (G
SR TC R T iR

This implies that A > A(G)n(G€). By symmetry, we have

A > max {A(Ey)m(ES), A(Ey)m(ES)}.
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Therefore

A> sup max {A(El)W(Ef)v A(EZ)W(EE)}

open F; and Es

> sup A(O).

open O: w(0)€(0,1/2]

N

This gives us a lower bound of A.
Finally, the assertion of Theorem 1.2 follows from Theorem 1.0. O

To prove Theorem 1.3, we need the following proposition, taken from Chen [6,
Proposition 2.4].

Proposition 2.3. Let (E,&,m) be a probability space and (B, || - ||z) a normed
linear space, satisfying (Hjs) and (H>), of Borel measurable functions on (E, &, ).

(1) Let ¢y be given by (1.9). Then

172115 < (1+ Veal 1)1

(2) Let c2(G) be given by (1.10). If co(G)w(G)||1]|s < 1, then for every f with
flage =0, we have

17215 < 17215/ 12 = Ve @G 12 ]

Proof of Theorem 1.3. (a) Let f € (D) N Cy(E). Choose ¢, such that £y :=
{f > ¢;} and By == {f < c;} satisfy 7(E1) < 1/2 and 7(E2) < 1/2. Then Ey
and Fy are open sets. Define f; = (f —¢;)* and fo = (f —¢;)~. By part (1) of
Proposition 2.3, it follows that

1721l = 117 =< lls < (1+\/01Hl\m) 167 = ep)?ls-

1CF = ep®lls = 1177 + f2lls < 175 + 1421l
hence by Theorem 1.1 and Lemma 2.2, we get

But

172, < (1+ 01”1||B>2A131D(f1)+(1+ cl||1|\]B)2ABzD(f2)

< (14 falltlls ) (A v 4e) (D() + D)
< (14 yferlitle) (As v Az) D(F).

This means that

Zs < (14 fallle) (o vas) < (14 /altle)  sp Aa.

open Ei: w(E1)<1/2



CAPACITARY CRITERIA FOR POINCARE-TYPE INEQUALITIES 685

(b) Conversely, assume that (1.11) holds. Let f € 2(D) N Co(E), flge = 0
for some open E; with 7(E;) < 1/2. Then, from part (2) of Proposition 2.3 and
(1.11), it follows that

171l . A5
(1= VeE)rENE)" (1 - VeE)rE)s)’

This means that

155 <

D(f).

Ag > (1 - Ve (B)r(EB)[1]s ) Asr.

Noticing that Supgpen g, : =(r;)<1/2 C2(£1)m(E1)||[1]ls < 1 by assumption, we ob-
tain

2
Aoz (1= s aE)rE) wp  Ap. D

open Fi: w(E1)<1/2 open E;: n(E1)<1/2

Proof of Theorem 1.4. By assumptions, ®(z) = |z|F(|z|) is an N-function. From
M. M. Rao and Z. D. Ren [20, §3.3, Theorem 13 and Proposition 14], it follows
that

Ielle = inf (14 #(G)2(0).

The infimum on the right-hand side is achieved at «*, which is the minimal root
of the equation: o?F’(a) = u(G). Combining this with (1.5), we get (1.17). O

3. Logarithmic Sobolev inequality.

This section is devoted to the logarithmic Sobolev inequality. First, we present
a result as an illustration of the application of Theorem 1.3. Then we prove the
refinement Theorem 1.5.

Theorem 3.1. Let (D, Z(D)) be a regular, irreducible, and conservative Dirichlet
form. Assume that (Hy)—(Hs) hold. Next, let ®(x) = |z|log(1 + |z|). Then the
optimal Ar,eg in (1.18) satisfies

B < A og = B ) 3.1
5 ® Log 5 @ (3.1)
where
M(u(K
B wp M) -
open O: 7(0)€(0,1/2] Cap(K)
compact KCO
1 1++/1+4
M(x):Q(m—l)—l—xlog<1+W)Najlogm—l as r — 0.
A

Since the proof of Theorem 3.1 is essentially known, we sketch the main steps
only for the reader’s convenience.

From now on, we fix ®(z) = |z|log(1 + |z|) and define ¥(x) = 22 log(1 + z?).
We need an equivalent norm || - || of || - [|¢ as follows

1l @) = inf{a >0: /Eq)(f/a)d,u < 1},

which is usually easier to compute. The key observation is the following result:
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Lemma 3.2. For any f with f2 € L®(u), we have
4 o1
I =7 Dley <2 < 51 = 7Dy

where Z(f) = sup.cg Ent((f 4+ ¢)?) and Ent(f) = [ flog (f/||fllr1(x))dp for
f=0.

This result comes from Bobkov and Gotze [3] and Deuschel and Stroock [8, p.
247], which go back to Rothaus [21]. An improvement of the coefficients is made
in Chen [5]. Lemma 3.2 leads to the use of the Orlicz space B = L (1) with norm
| - |l(w) and the following inequalities

IfII2 < ALD(f),  f € 2(D)nCo(E), (3.3)
172 <AzD(f),  fe€ 2(D)NCo(E), (3.4)

as variants of (1.1) and (1.11). In parallel to Proposition 2.3, we have (cf. Chen
[6, Proposition 3.4]) the following result.

Proposition 3.3. Everything in the premise is the same as in Proposition 2.3.

(1) Assume that there is a constant ¢} such that |7 (f)| < ¢}/ f||s for all f € B.
Then

1 F]ls < (1+ Lzl £1le-
(2) Next, for a given G € &, let ¢4(G) be a constant such that |7(fIg)| <

ch(G)|| flg||s forall f € B. If c5(G)|1|lz < 1, then for every f with f|ge =0
we have

11l < [|Flls/[L = a(@)IL]z].

Denote by Ap, the optimal constant in (3.3) when the functions are restricted
to E;, i = 1,2. By using Proposition 3.3 and following the proof of Theorem 1.3,
we obtain the following result.

Theorem 3.4. Let (D, Z(D)) be a regular, irreducible, and conservative Dirichlet
form. Assume that (Hz)—(Hs5) hold and that

sup co(Er)|1|p < 1.
open E;: w(E1)€(0,1/2]

Then the optimal constants Aj; and Z{B in (3.3) and (3.4), respectively, obey the
following relation:

2 _ 2
(1= swp o Jeh(EDILs ) AR <Ap <4(1+/ehls ) A

open E;: w(E1)€(0,1/2]

Proof of Theorem 3.1.
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(a) First, we compute the constants ¢} and c,(FE;) used in Theorem 3.4. Actu-
ally, this can be done in the same way as in the proof of the last theorem in Chen
[5] or [6]:

— vz, (3.5)
(B) =94z Yz, /2. (3.6)

IS

Cc
C

where W1 is the inverse of ¥ and Z = u(E), Z; = pu(Ey). As an illustration, we
now prove (3.6). Because of the convexity of ®, we have for f; := fIp, that

. 1 1
1 £1]l gy = inf {a 2035 | (lfl/a)dn < Z}

1 1
>inf<a>0:0 / d7roz><}
{ (5 [ 1namsa) <

__Z=n(lAl)
Z,0-1(zZ7 Y

Hence

2

£l wy = 1771l o
> #ﬂ'(
2t RV

zZ? 2
* gz )

[

/1)

This means that one can choose ¢4(E1) as in (3.6).
(b) Next, since |[1]|(g) = 1/¥~1(Z71), Z; < Z/2, and ¥~ *(z)/x is decreasing
in z, it follows that

/ 282
open Ej: Tsr?gl)e(o,l/z] (B Moy open F: i?gl)e(ﬂ,l/Z] Zv-1(Z-1)
v-1i(2z-1)
S 2u-l(z-)
<1,

and so the assumption of Theorem 3.4 holds.
Note that )
ez (Va1
2U-1(z-1 | 7 2

as proved at the end of Chen [5]. The estimates in (3.1) now follow from (3.5)—
(3.7) and the following comparison of the norms: || f|[(s) < |[flle < 2|/ f|l@). O

(3.7)
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We now turn to prove Theorem 1.5. Since the N-function ®(x) = |z|log(1+|z|)
used in Theorem 3.1 is a little different form the function |z|log |z| used in the
entropy, it is natural to examine the entropy more carefully. The starting point
is the classical variational formula for the entropy Ent(p) = [, @log(¢/m(¢))dr:

Ent(p) = sup {/ pgdm : / eddr < 1}, v = 0. (3.8)
E E

The right-hand side is very much the same as the norm defined by (Hs). However,
the only nonnegative function g in the constraint is zero. This leads us to consider
the following upper and lower estimates, due to Barthe and Roberto [2].

Lemma 3.5. Let (X, %, ) be a probability space, G € %, and ¢ € A, with
¢|ge = 0. Then we have

(1)
Ent(p) + 2/

apdﬂgsup{/ gpgdﬂ':/ eddr < e? +1, 920}
X X X

:sup{/gpgdw:/egd7r<e2—|—7r(G), 920}, v = 0.
G G

(2) If moreover m(G) < 1, then

Ent(go)}sup{/ cpgdw:/egdwgl, 920}, w = 0.
G G

To compute the bounds in Lemma 3.5, we also need the following result ([2;
Lemma 6]).

Lemma 3.6. Let (X, %, u) be a finite measure space, C' > u(X), and G € £ with
w(G) > 0. Then

sup {/ Ichdy : / e'dpy < Cand h > 0} = u(G) log (1 + C_M(X)>
X X wG)

The two parts in Lemma 3.5 are used, respectively, for the upper and lower
estimates given in Theorem 1.5. In view of (3.8), part (2) of the lemma is quite
close to the entropy. As will be seen below, part (1) of the lemma leads us to
define a norm by (Hs), using

%:{920:/e9dw<62+1}.
E

It corresponds to ®.(x) = e~2(el*l — 1) and hence ®(x) = |z|log|z| + |=| which is
not an N-function, since lim,_,o ®(x)/x = —oo; and is even not a Young function,
since ® % 0. Thus, we are out of the Orlicz spaces. In contrast with Theorem 3.1,
here two different norms are adopted rather than a single one.



CAPACITARY CRITERIA FOR POINCARE-TYPE INEQUALITIES 689

Proof of Theorem 1.5. For convenience, we replace the finite measure p with the
probability measure 7 = p/p(E) in this proof. This makes no change of Ay,qg in
(1.18).

(a) We now consider the normed linear space (B, | - [|z), where the norm || - ||g
is defined by (Hjs) in terms of

gz{g}():/egdﬂ'gez—{—l}.
E

Following the proof (a) of Theorem 1.3, for a given f € Z(D)NCy(E), let c; be a
median of f and set f1 = (f — cf)Jr and f2 = (f —c¢;)”. By Lemma 9 in Rothaus
[21], we have

Ent(f?) < érelﬂg{Ent((f —o)?) +2|f —|?}. (3.9)

Applying part (1) of Lemma 3.5 with G = E, Theorem 1.1, and Lemma 2.2, we
obtain

Ent(f?) < H(f - ch)QHIB (by (3.9) and Lemma 3.5)
= |I/7+ 75l
17l + 1172 s
4Bp1 D(f1) + 4Bp2D(f2) (by Theorem 1.1)
4(Bg: V Bg2) (D(f1) + D(f2))
4(Bg: V Bg2)D(f) (by Lemma 2.2),

NN IN N

where Bp: is given by Theorem 1.1. More precisely, by part (1) of Lemma 3.5
with G = E;, we have || f;||s = || fi||p: with respect to the class

) 1
%’z{g}O:/egdW<62+}
E; 2

of functions on E; := {f; > 0}, ¢ = 1,2. We have thus proved that

Arog < 4(3131 V B]Bg2). (3.10)

By Lemma 3.6, we have

wi = 1(K)log (1 + 62“/2_1/2) = 7(K) log (1 ;L )

1 ~(K) ~(K)

Combining this with (3.10), (1.5), and (1.20), we obtain Apeg < 4 BLog(€?).
(b) To prove the lower bound, assume (1.18). Let E; be open with 7(E;) < 1/2
and let f € 2(D) N Cy(E) with f|ge = 0. Then by part (2) of Lemma 3.5,

Ent(fQ) ZSup{ f29d7r:/ eddm < 1, g}O}.
El E1
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The right-hand side is the norm of f, denoted by || f||5:, with respect to a new

class 91 = {g =>0: fE1 eddm < 1} of functions on F;. To compute this norm, we
use Lemma 3.6 again,

k|5 = SUE/ I gdm
Eq

geg?
—n(rtog (14175 )

1
>a(K)log (14 ——), KcCE.
m( )Og<+27r(K)> <1

Combining this estimate with (1.18) and applying Theorem 1.1 to (@1, - llgs 1Y),
we obtain Ar,eg > Brog(1/2) as required.

The factor log2/log(1+ €?) in the lower estimate of the theorem is due to the
fact that

<4 asx 11/2. O

log(1 + €2 /x) T log(1 + €?)
log(1 +1/2x) log 2

4. Computation of isoperimetric constant in dimension one.

It is known that in general, the optimal constant A in (1.1) is not explicitly
computable even in dimension one. However, the next two results show that the
isoperimetric constant B in (1.2) in dimension one is computable and coincides
with the Muckenhoupt-type bound (cf., [18], [4]).

Corollary 4.1. Consider an ergodic birth—death process with birth rates b; (i > 0)
and death rates a; (i > 1). Define

boby + -+ by
o = 1, Mn:M> n>1.
ai1ag - - - Ay
Then the isoperimetric constant Bg in (1.5) with Dirichlet boundary at 0 can be
expressed as follows:

n—1 1
Bg =sup||{ .
SIS o

Proof. (a) We show that in the definition of Cap(K), one can replace “f|x > 17
by “flx = 17.

Because 1 € Z(D), we have fA1 € 2(D)NCy(E) if so is f. Then the assertion
follows from D(f) = D(f A 1).

(b) Next, let K; (i = 1,2,...,k) be disjoint intervals with natural order. Set
K = [min K3, max K}|, where min K = min{i : ¢ € K} and max K = max{i : i €
K}. We show that

11k ||z e+t ||
Cap(K) = Cap(K; + -+ Ky)'

In other words, the ratio for a disconnected compact set is less than or equal
to that of the corresponding connected one. For f with f|x, +..4+x, = 1, the
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restriction of f to the intervals [max K;, min K; 1] may not be a constant. Thus,
if we define f = f on K¢ and f|x = 1, then D(f) < D(f), due to the character
of birth-death processes. This means that Cap(K) < Cap(K;1 + -+ Kj). In
fact, equality holds, because for f with f|x = 1, we must have f|x, +..+x, =1
and so the inverse inequality is trivial. Since K D K;j + --- + K} and (Hs), we
have ||Ik||s = || Ik, +-+k,|B. This proves the required assertion.

(c) Because of (b), to compute the isoperimetric constant, it suffices to consider
the compact sets having the form K = {n,n+1,... ,m} for m > n > 1. We now
fix such a compact set K and compute Cap(K).

Given f with f|x =1 and supp(f) ={1,...,N}, N > m, we have

n—1 N
D(f) =Y wibi(fis1 = £:)*+ D> pabi(fixr — £i)*, (4.1)
1=0 i=m
where fo =0 and fyy1 = 0. Then
0
£ = =2p3b;(fj1 — fj) + 2p5-105-1(f; — fi—1)
of;

= _2/~ijj7)j + 2,uj,1bj,1vj,1, 1<j<n—1or m+1<j<N,

where v; = f;41 — fi. The condition 9D /df; = 0 gives us

1bj_
vy =HE0E L 1< j<n—1 or m+1<j<N.
11505
Hence
b b
Uj:,UOoUo’ 0<j<n—1, and U]:M’ m < j < N. (4.2)
H5b; t5bj
Therefore
j—1 Jj—1 1
i = i, — b 1 0 < j < }
fi sz Ho OUOZ 11:b; Jsn
=0 =0
Jj—1 Jj—1 1
¥ :;nvi+1:Mmbmvm;nHibi +1, m<j<N.

On the other hand, since f,, =1 and vy = fn+1 — fv = —fn, we get

-1 st N-1
1= Mobovo s L LU —,umbmvm — 1.
; pibi pnbN ;;1 pibi

Then

n—1 1 -1 N 1 -1
MObOUO: (Zub> ) Mmbmvm:_<z Mb> . (43)

1=0 i=m
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Inserting (4.2) and (4.3) into (4.1), we obtain
n—1 N
= Zmbw? + Z pibivy

_ N
ObOUO Z ;um mvm Z

z zz
:0 3

= <n§ .1bA>_1+ (ﬁ: 1 _>_1-

= uib; — Juibi

Since the process is recurrent, » .o 1/p;b; = oo, we have

n—1 -1
Cap(K) = inf{D(f), fo = 0, f has finite support, f|x > 1} = (Z 1 > ,

which is independent of m. Therefore

Be = sup JIElE [ klls sup [ Ln,m) |18 supHI ” nz:l 1
& Cap(K)  1<ngm Cap(fn,m]) oS L by

as required. [

We remark that once we know the solution f that minimizes D(f), the proof
(c) above can be done in a different way as illustrated in the next proof.

Corollary 4.2. Consider an ergodic diffusion on (0, c0) with operator
L = a(z)d?®/dz? + b(z)d/dx

and reflecting boundary. Suppose that the corresponding Dirichlet form (D, Z(E)) is
regular, having the core C4[0,00): the set of all continuous functions with piecewise
continuous derivatives and having compact support. Define C(x fo b/a for z > 0.
Then for Dirichlet boundary at 0, we have

xT
Bs :sup||f[x7w)||13/ o—C.
x>0 0

Proof. In view of (b) in the above proof, to compute the isoperimetric constant,
we need only consider the compact K = [n,m], m > n, m,n € R;. Define

foz e‘c/fon e ©, if 0 <z <n,
glx) =< 1, ifn<z<m,
1— f:lAN e_c/fnjj e ¢, ifx>m

We now show that Cap(K') can be computed in terms of g € C4[0,00). Note that

Cap(K) = inf{D(f) : f € C4[0,00) : f|x = 1}.
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Next, let fi € C4[0,n] with f1(0) = fi(n) = 0, fo € Cqlm,N| with fo(m) =
f2(N) = 0, and study the following variational problem with respect to 1 and
Ea:
n N
Heve) = [ +afl?e+ [ e
0 m
If necessary, one may regard [ as fon; and similarly for fn]j Without loss of

generality, assume that f; # 0. Otherwise, we can set ¢, = 0. Clearly, H should
have a minimum in a bounded region. From 0H/0e), = 0, it follows that

o Jo g e Jo 11 I 10 K 1)
Jo fi %eC (fo ,260)(f0n e=) (fo /260)(f0n e~ %) 7
oy I g fre C: I __ L(N) = fo(m)
S 3820 (I 552 (Jm e€) (S £32¢) (Jyn 7€)
More precisely, if f’ is discontinuous at ny, ... ,ng, then

/nf’:/”lf/+...Jr/nf’:(f(m)f(o))+"'+(f(”)f(”k)):f(n)f(o)zo’
0 0 Nk

since f is continuous. Thus, H(e1,¢e2) attains its minimum

D<g>=</:e—c>*+</:e—c>”

oo —
at €1 = g9 = 0. Moreover, due to the recurrence, We have fm e C

= oo. Col-

lecting these facts, we obtain Cap(K ( fo ’C) . The assertion now follows
immediately. [

Because of the linear order in the real line, it is easy to write down the explicit
estimates of the logarithmic Sobolev constant Apqg, in terms of Theorem 1.5 and
Corollaries 4.1 and 4.2.

Corollary 4.3. For ergodic birth—death processes, let m satisfy

m—1 oo
pi/Z<1/2 and  w(m,00):= > p;/Z<1/2,
7=0 j=m-+1
where Z = "7° ) pu. Then we have
log 2
S BLog(€2) < BLog(l/Q) < ALog < 4BL0g(€2)a (44)

log(1 + 2¢2?)
where Brog(7) = By (v) V B_(7) and

v —~ 1
By(v) = 1
+(7) = 51 i, o0) Og( *w[n,o@) Z;m]b
~ m—1 1
B_(v)= su 0,7n]lo — 4.5
()= s pl0iog (1+ 0n>§ = (45
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Proof. Here we prove the upper estimate only since the proof for the lower esti-
mate is similar. Set 4 = {m+1,m+2,...} and E; = {0,... ,m—1}. Following
the proof (a) of Theorem 1.5, we obtain (3.10) with respect to E; and E5. Apply-
ing Corollary 4.1 to each E;, we get By (e?). We remark that in the application
of Corollary 4.1 to E1, the Dirichlet boundary is setting at m rather than at 0.
In other words, we need to consider the inverse order on Ej.

For one-dimensional diffusion, a similar result of Corollary 4.3 was obtained by
Barthe and Roberto [2].

Corollary 4.4. Let p and v be Borel measures on R with p(R) < oo and denote
by h the derivative of the the absolutely continuous part of v with respect to the
Lebesgue measure. Next, set 7 = pu/u(R) and let m be the median of w. Then the
optimal constant Ay, in the inequality

/ £210g (£2/7(F2)di < Avog / fPdy, e CyR), (4.6)
R R

(cf. Corollary 4.2 for definition of C4(RR)) satisfies

log 2

— 2% Broo(€?) < Broe(1/2) < Aroe < 4 Broe(e? 4.7
log(1 + 2¢2) Log(€”) Log(1/2) < Arog Log(€”), (4.7)

with Brog(v) = B4(v) V B_(7), where

B+(v)zsupu[x700)10g<1+ ! >/z1

2>m [2,00) ) Jm h
B_() = sup (00, ] log <1 + W(_Zox]) /xm % (4.8)

Actually, Corollaries 4.3 and 4.4 can be further improved by using the varia-
tional formulas presented in Chen [5, 6].
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