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THE RANGE OF RANDOM WALK ON TREES
AND RELATED TRAPPING PROBLEM

Mvu-FA CHEN  SHI-JIAN YAN XIAN-YIN ZHOU

(Beijing Normal University)

ABSTRACT. This paper treats with the range of the simple random walk on trees and a related trap-
ping problem. The strong law of large numbers and the central limit theorem for the range, and some
asymptotic behaviour for the mean trapping time and survival probability are presented.

§1. Introduction.

Let Ty be the infinite tree with N 4+ 1 branches emanating from each vertex. Namely, T is an
infinite connected graph with no non-trivial closed loops in which every node belongs to exactly N +1
edges. Since T7 can be thought of as the one dimensional lattice, which is well studied, throughout this
paper we assume that NV > 2. Let {X,,},,>0 be the simple random walk on T, with the probability
law {P,}zery. The range of {X,},>0 up to time n is denoted by R, = #{Xo, X1, -+, X,}. Our
first purpose is to study the asymptotic behaviour of R,, as n — oo. For this, the main result is as
follows.

Theorem 1.1. Let ¢ denote a standard normal variable and let E, be the expectation with respect to
P,. We have

i) nhlrolo R,/n=(N—-1)/N, Py—a.s.,
i) lim var(Ry)/n = (N?4+1)/[N*(N —1)],

iii) (R — EoRy)/n'? 2 ¢ (N2 + 1)/[N2(N = 1)], n — oo.

Next, consider the N-tree Ty with root 0. Each vertex has exactly N — successors. Again, when
N =1, Ty can be thought of as the set {0,1,---}. We restrict ourselves to the case that N > 2.
Clearly, Ty is a subset of Ty. Our next result concerns with the range of the simple random walk
{Y,} >0 on Ty Let {P,} be the probability law and set R, = #{Yy,---,Y,}.

Theorem 1.2. The same conclusions of Theorem 1.1 hold provided R,,, E. and P, are replaced by
R,,, E, and P, respectively.

J:ETN

Finally, we study the trapping problem on trees. The problem on lattices has been attracted a lot
of attentions, refer to [4] and references within. Given € > 0, let C(x), = € Ty be i.i.d. {0, 1}—valued
random variables satisfying Po(C(x) =1) =1 — Po(C(z) = 0) = € for all © € T, where Po denotes
the probability law of (C(x),x € Txn). The family (C(z),z € T) is called a random trap field with
density €. In general, 1 corresponds to a trap, and 0 to a trap—free site. The trapping time and the
survival probability are defined by T' = inf{n > 0: C(X,) = 1} and f(n) = P(T > n),n >0
respectively, where P = Py x Pc. In this part, we are interested in asymptotic behaviour of f(n)
and EygT. The main result is as follows.
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Theorem 1.3. i) For small € > 0 and moderate n, we have log f(n) ~ —e(N —1)n/N.
ii) Let E be the expectation with respect to P, then lim._ g+ (eET) = N/(N —1).

The solution to the trapping problem on T is completely the same (see Corollary 6.4 below).

From the arguments in [3] or [4], one knows that Theorem 1.3 is actually a consequence to Theorem
1.1. Thus, we concentrate our attention mainly on the proofs of Theorem 1.1 and Theorem 1.2. Since
Ty has some nice symmetric properties and {X,,},>0 is transient, some techniques used in [6] or
[5], where the corresponding problem was studied for the lattice case, can be also applied to prove
Theorem 1.1. A key to [6] or [5] is some reasonable estimate for the Green function and hitting time of
random walks on lattices. This was obtained by using some estimate of their transition probability
function. Although there are a lot of works in estimating the transition probability function of
random walk on trees (e.g. [2] and [7]), it is still difficult to use these estimates to get a reasonable
estimate for the corresponding Green function and hitting time. This problem is overcome in the
paper in terms of some techniques in electrical network. Besides, in the present case we can get
the precise limits as described in Theorem 1.1 and Theorem 1.2. However, the coefficients of the
corresponding limits in the lattice case are still not known precisely.

Let us mention that it is also meaningful to study the range of random walks on fractals (see [4]).
However, we do not know at moment how to get a precise asymptotic behaviour even for the range
of the simple random walk on the Sierpinski gaskets.

This paper is organized as follows. In Section 2, we mainly study the hitting time of {X,},>0
and {Y, }n>0. In Section 3, we obtain an asymptotic behaviour of var(R,) as n — oo. In Section 4,
we prove both strong law of large number and central limit theorem for R,,, and complete the proof
Theorem 1.1. In Section 5, we prove that R, is very close to R,, in some sense (see Lemma 5.1 and
Lemma 5.2 below). Thus, Theorem 1.2 can be easily proved by means of Theorem 1.1. In Section 6,
we consider the trapping problem on T and Ty, and complete the proof of Theorem 1.3.

§2. Hitting time.

In this section, we make some reasonable estimation for the mean and variance of the hitting time
of {X,}n>0 and {Y,,},>0. For this purpose, we introduce some notation. For any =,y € G (= T,
or Ty), define their distance as follows:

d(z,y) = inf{k :3xq,--- ,xp € G, such that 1 =z, zp =y and
Tix;+1 is an edge of G forVi=1,--- ,kfl}.

Next, define

B,(z)={y€G: d(z,y) <n}, Su(z)={yeG: d(z,y) =n},
To(z) =inf{m >0: X,, € S,(z)}, 7n(z)=inf{m >0: Y, € S,(x)}.

Let 0 be the root of Ty, then 0 € Ty. For simplicity, set B,, = By, (0); Sn = S,,(0); 7 = 75,(0); 7 =
7n(0).
One of the main results in this section is as follows.

Proposition 2.1. i) Egr, =n(N +1)/(N —1)+O(1) asn — oc.
ii) There is a constant M € (0, c0) such that Ey(7, — Eq7,)? < Mn for all n > 1.

To prove this proposition, construct a random walk {Z,},>0 on Z; = {0,1,--- } with transition
probability: p;; =1,ifi=0and j=1;=N/(N+1)ifi>1land j=i+1;,=1/(N+1),ifi>1
and j = ¢ — 1 and = 0, otherwise. Denote by W, and @, respectively the probability law and its
corresponding expectation of {Z,,} starting from = € Zy. Let 0, = inf{m >0: Z,, =n}, n > 0.
Then, it is easy to see that Wy(op, = m) = Py(m, = m), n > 0, m > 0. From this, it is clear that
Proposition 2.1 follows from the next lemma.

Lemma 2.2. i) Qoo =n(N +1)/(N —1)+0O(1) as n — co.
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ii) There is a constant M € (0, 00) such that Qo(o, — Qooy)? < Mn for all n > 0.

Proof. The proof of this lemma is based on an electrical network. To do so, let C; ;41 =1, ifi =0
and = N1 /(N +1), if i > 1. Consider the electrical network Z, in which a conductor C; ;41 is
assigned to the bond 4,7 + 1. Then the effective resistance Reg(n) between 0 and n is equal to

N+1 N +1
)=1 = 1— N~
+Z N -ty ot )

For given n > 1, let uy = QO[Z}TZOI{Z,:I@}], 0 <k <nand vy = Wi(og < on), 0 < k < n.

Then, we have Qoo,, = ZZ;S ug. From [1], we know that ug = Reg(n) and u,/N*¥ = Reg(n) vy,
k =0,1,--- ,n. Therefore, Qpo,, = Reg(n) Zz;é NFuy. Clearly, v}s are voltages in the electrical
network Z, between 0 and n having the property vo = 1 and v, = 0 (see [1]). Thus. if we denote by
Regi(k,n) is the effective resistance between k and n, then vy = Re_ffl(n) Reg(k,n), 0 < k < n. Hence

AN+ N+1
jg: _

Renlkon) = 2 o = nav — 1)

(1-N"0=Fy 1 <k<n-1.

i=k

Collecting the above facts together, we obtain

Qoop = [1 + —N](VN+_11) (1- N”*l)]
_ —1
_ xf 1(n - %(1 N 414 %(1 _ N,

which proves 1).
Next, consider Qoo2. By definition, we know that

Qoo =2 Z Qo[#{j<on: Zj=ki} #{j<on: Z; =ks}]

0<ki<ka<n—1

n—1 n—1
+2ZQ0[ Z I{Zi_Zj—k}} + ZQ(J( Z I{Zi_k})
k=0 0<i<j<on k=0 0<i<o,
From the above argument, one sees that

(2.3) Is(n) = n(N +1)/(N = 1)+ O(1), n — .

Moreover, by the strong Markov property we also know that

(2.4) QO( Z I{Zi_Z_,»_k}) = QO[ZI{i<6n}I{Zi—k}Qk(ZI{Zj_k}>:|
0<i<j<on i=0 j=0
= Uka(ZI{Zj_k})

Jj=0

Let o}, =inf{m >0: Z,, € {0,n}}. Then

(2.5) Qk(iI{Zj_k}> < Qk(iI{Zj_k}> +Qo<if{zj_k}>.

Jj=0 Jj=0 Jj=0
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Denote by Rl g(k,n) the effective resistance between k and {0,n} (1 < k < n —1). It is easy
to see that there is a constant ¢; € (0,00) such that Rlgz(k,n) < ¢, 1 < k < n. This implies

that Qk(zzfi‘o I{Zi:k}) = N FR o(k,n) < ¢1, 1 < k < n. Inserting this into (2.5), we obtain

Qk(Zfﬁo I{Zi:k}) < ¢1 + u < co for some constant ¢o € (0,00). Combining this with (2.4) gives

(2.6) Ir(n) <egn, Vn>1

for some constant ¢z € (0, 00).
Therefore, it remains to prove that there is a constant ¢4 € (0, 00) such that

(2.7) Ii(n) — (Qoon)* < can, Vn > 1.

Indeed, if k1 < ko, then Wy,(ox, < 0n) = Reg(ka,n)/Reg(k1,n) = NF=F2(1 — N—(—Fk2))(1
N—(=F1))=1 Thus, we have

n—1 n—1

(2.8) Lim=2% Y Qo{[#{j Sop: Zi=hi} Qu#{i <o Z; = ko))
k1=0ko=k1+1
FQuBI<ou: Z=h) #{i<ou: Z =k}

n—1

_22 Z Uk, Qo(#{J < ok, 1 Zj = k1})

k1=0 ko=k1+1
+ 2Qk2 [I{Uk1<0'n}#{j < On - Zj - kl} : #{] S Op - Zj - kQ}]

<2 Z Z [quo (#{j<or: Zj=k})

k1=0ko=k1+1

20, (I <oy #li S ons 2 = k1)) QLI S0ns 25 = ka}?].

From the proofs of (2.3) and (2.6), we see that Q, (#{j < 0n 1 Z; = k2})? < ¢5, k2 < n—1 for some
constant ¢; € (0,00). In addition, by the strong Markov property, we have Qy, [I{0k1<an}(#{j <
on: Zij=ki}) ] Wiy (08, < 00)Quy (#{j < on: Zj = k1})?, which implies that

n—1 n—1

rhs. of (28)<2> > uk,Qo(#{j < ok, Zj =k}

k1=0ko=k1+1

n—1
+ 2¢5 Z Z N—(kz—kl)/Q(l _ N—(n—kz))l/Q(l _ N—(n—kl))—l/Q_
k1=0ko=k1+1

Hence, to prove (2.7) it suffices to show that

n—1 n—1 n—1 n—1
(2.9) 2 Z Z U, Qo(F#{j < ok 1 Zj =k1})—2 Z Z Upy U, <cgny, 1> 1

k1=0ko=k1+1 k1=0ko=ki+1

for some constant c¢g € (0,00). Note that Qo(oy, < 0,) =1 for ks < n — 1. Then Qo (#{j < o, :
Zj =k1}) — up, <0, which yields that Lh.s. of (2.9) < 0. Hence, (2.9) is true. This proves (2.7).
Combining (2.3) and (2.6) with (2.7), we get the desired result. W

We have completed the proof of Proposition 2.1. By a similar argument, we can prove the following
result.
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Proposition 2.10. i) Ey7, = n(N +1)/(N —1) + O(1), as n — oo.
ii) There is a constant M € (0, c0) such that Ey(7, — Eq7,)% < Mn for all n > 1.

In fact, from the definitions of 7,, and o,, one can also see that 150(%” =m) = Qo(o, = m), for
all n,m > 0. By using this, Proposition 2.10 follows from Lemma 2.2.

§3. Variance of R,.
Following [6] (or [5]), let

52 =1 5;1 = I{Xi7£Xi+l1"'1Xi¢Xn}7 0<i<my
§i = I{XﬁéXiJthi#XHz»“' I i > 0;

. —1 —1
’77:@"—51, 0<i<m Cn:Z?:o gi; nn:Z?:() 77?

Then R, = >0 1 & = (y + 1 + 1. Next, let pi(z,y) = Pyp(X) = y) and set

H,=inf{n>1: X, =z}; F(z,y) = P,(Hy < 00);

Gy (@,y) =Y _opk(®,y);  G(x,y) = Goo)(2,9);

The main result in this section is as follows.

Proposition 3.1. Let 0 = (N2 +1)/[N?(N — 1)}, then lim,,_,o, var(R,)/n = o.
To prove this proposition, we begin with two lemmas.

Lemma 3.2. For any z,y € Ty, we have G(z,y) = (N + 1)~ 4@+ 1(N — 1)-1,

Proof. By the symmetry of Ty, it suffices to prove that G(0,z) = (N — 1)"}(N + 1)~40:2)+1 for
all z € Ty. Consider the electrical network 7T in which a unit resistor is assigned to each bond of
Tn. Let (vg)zey be the voltage on Ty satisfying vg = 1 and limg(0,2)— o0 Vo = 0. Denote by Reg the
effective resistane of T between 0 and infinity. Then (see [1]), we have G(0,0)/(N + 1) = Res and
G(0,z)/(N +1) = Regrv,. It is clear that Reg = (N + 1)1+ > (N+1)"!N"" = N(N? —1)~*
and v, = Re_ffl - Reg(z) for all z € Ty, where Reg(x) is the effective resistance of Ty between Sy, 4)
and infinity. One may check that

1 N 1

i 1
Re — — . =
o %NNH)N“ (N+ N5 N1~ N2 -1

N—d(O,x)-&-l.

Therefore, v, = N~4%) for all # € Ty, which implies that G(0,z) = (N+1)N(N?—1)" 1 N~40:z) —
(N —1)"IN—d02)+1 |

Lemma 3.3. There is a constant ¢ € (0, 00) such that
ZmeTN Gy (0,2)Pp(m < Hp < 00, Hy < 00) < em™3/2 ¥Ym>1, n>0.

In the lattice case, the above bound was obtained by using an estimation of transition probability
(see [5] or [6]). Here, we use Lemma 3.2 and Proposition 2.1 to prove Lemma 3.3.

Proof of Lemma 3.3. First, we show that
(3.4) P,(m < H, <o0) <exm™?2 ¥m>1, Vy,z € Ty
for some constant ¢; € (0,00). Indeed, if d(y,2) > (logm)?, then Lemma 3.2 implies

P,(m < H, < 00) < P,(H, < ) < G(y,2) < (N — 1)" (N + 1)~ (ogm)*+1,
5



Thus, (3.4) holds for d(y, z) > (logm)?. We now assume that d(y, z) < (logm)?. By Proposition 2.1,
we can show that Py (7p,,1/4)(y) > m) < cam~3/2 for some constant ¢, € (0,00). Thus, to prove (3.4)
it suffices to show the following:

(3.5) Py (T4 (y) < H, < 00) < eom™2 d(y,z) < (logm)?.
In fact, by Lemma 3.2 and the strong Markov property, we have
Lh.s. of (35) = Ey [PX(T[m1/4](y))(Hz < OO)] < Ey [G(X(T[m1/4](y)), Z)}
_ Ey(N _ 1)—1(N + 1)17d(Z,X(T[ml/4](y))),

where X (m) = X,,, m > 0. Recalling the hypothesis: d(y, z) < (logm)?, we get
d(z, X (Tjn1/4)(y))) = [m*/*] — (logm)? — 1. This implies (3.5) immediately. Hence, (3.4) holds. Thus,
if  # 0, then

P.(m < H, < 00; Hy < 00)
< Py(m < Hy < 0)F(x,0) + Py(m/2 < Hy < 00)F(0,2) + F(z,0)Py(m/2 < Hy < 00)
< eomT2(G(0,2) + G(x,0)), Vm>1, Vo e Ty

for some constant co € (0, 00). Actually, the above bound also holds for = 0. Therefore,

Z G(n)(0,2)Pp(m < Hy < 00; Hp < 00)

zeTN
< 2com~3/? Z G2(0,x) <esm % Vm>1,¥n>1
ze€TN
for some constant ¢z € (0,00). N

We are now in the position to prove Proposition 3.1.

Proof of Proposition 3.1. By the symmetry of T, we easily see that for i < j,

Eonin} = Eo[Ex, (ng~'n}=})]
:Po(leé(),-~~ y Xn—i #0; Xy =0 for some k >n —1+ 1;
X # Xj_iy1, , Xjoi # Xn—i; X = X;_; for some k >n —i+1)
:Zz;éop?—i(oax)Px(”_j‘i‘lSHO <oo;n—j+1<H, <oo)
<D uroPi—i(0,2)Pp(n —j+1 < Hy <00y Hy < 00).

In fact, the above bound is also valid for i = j. By Lemma 3.3, we have

J
ZEO(n?n;’) < ZG(j)(O,a:)Px(n —j4+1<H,<o0; Hy<oo)<eun—7+1)73% j<n
i=0 x#0

for some constant ¢y € (0,00). It follows that Egn2 = O(1) as n — oo. By definition, we know
that var(Ry,) = var((,) + var(n,) + 2cov(¢n, M ). Thus, the desired result follows once we prove the
following:

(3.6) lim var(¢,)/n =o.

We now compute var((y,). var(¢,) = Z?;Ol var(§) + 23 g<icj<n_1 c0V(&i: &5). By the symmetry
of Ty, we also have o
var(§;) = Po(Xi # Xiv1, Xi # Xiga, ) — Po(Xi # Xiy1, Xi # Xigo, - )2

=Po(X1 #0, Xo#0,+) = Py(X1 #0, Xo #0,---)° =q—¢*,
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where ¢ = Py(X1 #0, Xo #0,---) = R4 (N+1)"t = (N —1)/N (see [1]). Moreover, we have

Eo&i&j = Eo&o&j—i = Po(Xn #0, Vn > 1; X i # Xj_iym, Ym > 1)
= ZI¢0p?_i(O7m)Pz(Hm =00, Hy = 00)
=30 s0P)—i(0,2)[Po(H, = 00) = Po(H, = 00, Ho < o0)]
=Po(X1 #0,--+, Xj; # 0)Po(Ho = 00) = 3, 4 P}—;(0,2) P (H, = 00, Ho < 00),

and Eo&;Eo; = Po(Hp = 00)Po(Xy, # 0, Vk > 1). Therefore

cov(&;,&5) = Po(Hy = 00)Py(X1 #0,- -+, X;_; #0; X, =0 for some k > j —i+ 1)
= a0 P)—i(0,2) Pe(Hy = 00, Hy < 0)
= Zz;éopg—i(ovx) [Pw(Ha: = 00)P,(Hy < 00) — P,(H, = 003 Hp < 00)]

Let a; = Zgzl Zz;éop?(o,x) [Po(Ho = 00)Py(Hy < 00) — Py(H, = o0; Hy < 00)]. Then var(¢,) =
n(q —¢*) + 223’;11 aj. Put a =32, Ezsﬂ)pg(o,x) [Po(Hy = 00)P,(Ho < 00) — Pp(H, = 00; Hy <
00)]. We have lim,, .o var(&,)/n = g — ¢* + 2a. Hence, for proving (3.6) it remains to prove the
following

(3.7 o=q—¢ +2a.
Note that if 2 # 0, F(0,2) = v, = N~4%?) where v, was defined in Lemma 3.1. Therefore, if = # 0,

P.(H, = 00)P,(Hy < 00) — Pp(H, = 00; Hy < o0)
=P, (H, = 0)P,(Hy < 00) — P, (Hp < 0) + P.(Hyp < 00; H, < 0)
= Py(Hy = 00)Py(Ho < 00) — Py(Ho < 00)
+ Py(Hy < 00)Py(H, < 00) + Py(Hy < 00)Py(Hy < 00)
= F(z,0)F(0,2) = N~240:),

Additionlly, by the symmetry of T, we have
P X1 #z, X # o, Xp=y)=P(Xa #y, -, Xp1 £y, Xp=1)

for any z,y € Ty, and k£ > 1, and moreover

Py(Xl#ya"'an—l#ya Xk:x):Px(X1¢y7 7Xk—1§£ya Xk:y)

From these facts, it follows that pf(x,y) = p}(z,y) for all z,y € T and k > 1. Therefore

a= Y p0,2)N2OD =% " F(0,2)N 2O
j=1z#0 720
3 1
- ~3402) = -3 —3k k=1 _ _  +
>N (N+ 1N+ Y N3 (N + )N R

z#0 k=2

Thus, we get ¢ — ¢* + 2a = (N? +1)/[N?(N — 1)] = 0. The proof of Proposition 3.1 is completed.
|

84. Proof of Theorem 1.1.
In this section, we prove both strong law of large numbers and the central limit theorem of R,,.
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Proposition 4.1. We have lim,,_,», R,/n = q, Py-a.s.

Proof. From the proof of Proposition 3.1, it follows that FgR, = Fo(, + Eonn +1 = gn + O(1),
and there is a constant ¢ € (0,00) such that Py(|R, — gn| > n%/%) < en=1/2 for large enough n.
By Borel-Cantelli lemma, we have Py(|n >R,z — q| > n=3/% 4.0.) =0.If n® <m < (n+ 1)%, then
|R,s — Rp| < (n+1)> —n3 = 3n? + 3n+ 1. From this fact, we get Py (|R,/n—q| >n"1/8, i.0.) = 0.
This yields the desired result. |

Next, we prove the central limit theorem of R,,. Recall that ¢ = (N? 4 1)/[N?(N — 1)] and ¢
denotes a standard normal variable.

Proposition 4.2. We have n='/2(R,, — FyR,,) D, 5. ¢ as n — oo.

Let X(a,b) = {X; : a < i < b} for a,b € R, and set I, = #{X(0,n) N X(n,2n)}. To prove
Proposition 4.2, we need the following lemma.

Lemma 4.3. There is a constant ¢ € (0, 00) for every k > 1 such that EgIF < ¢ for all n > 1.

Proof. Without loss of generality, we consider the case k = 2 only. It is clear that

(4.4) Eol? = iPO{Xi eX(n.2n)}+2 Y PofXi, X; € X(n,2n)}

i=0 0<i<j<n

= zn:PO{o eEX(n—i,2n—i)}+2 Y Po{0, X; ;€ X(n—1i,2n—1)}.

i=0 0<i<j<n

Let 81 =inf{m >n—i: X,,, =0} and By =inf{m >n—i: X,, = X;_;}. Then

(4.5) Py{0, X;_; € X(n—1,2n—1)}
<Pn—i<pr<B2<2n—i)+Py(n—i<pFy <P <2n—i)
< Bolox; Jn-icpi<an—iy] + Bolvx; Jin-i<pa<an—i],

where v, was defined in the proof of Lemma 3.2. By Proposition 2.1, there is a constant ks € (0, c0)
such that

P X < s 1/2
O et iy 0. X0 16 =)
= Po(7ijoiyz) 2 [ —9)/2)) < ka(G— )72, >

Moreover,

Po(d(0,X;_;) < (5 —i)"/*)
< ha(f — )72+ Po(ryayrz) < [ —4)/2]; d(0, X)) < (5 —i)'/*)

L —3/2
<ko(j—i)7%? + Ep [I{T[(H)I/Q]<[(j—i)/z]}Px(T[(jfi)l/z])(ﬂs < o0)],
where (3 = inf{m > 0: |X,,| < (j —4)'/*}. Noticing the structure of Ty and using Lemma 3.2, we

get PX(T[(j_i)1/2])(63 < o0) < kz(j—i)73/? on {71(j—iy1/2) < o0} for some constant k3 € (0,00). These
two estimates give us Py(d(0, X;_;) < (j —4)/%) < (k2 + k3)(j — i) ~3/2. Hence, there is a constant
k4 € (0,00) such that

\1/4

Egvx, , = Eg[n™OXi=0] < (kg + k3)(j — i) 32+ N=UD7 < ky(5 —4) %2

From the above proof, one also sees that there is a constant k5 € (0, 00) such that

Px, ,(n—j<B2<2n—j) <ks(n — )72,
Po{0 € X(n—i,2n— i)} < ks(n —i)~3/2.
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Therefore, we have
(4.6) S P{0eX(n—i,2n—i)} <1+ ks S0 g (n—i) 32 < ¢
and

Eolvx,_, Itn—i<gs<2n—i}) = Eolvx,_, Px,_,(n —j < B2 < 2n—j)]
< ks(n = )2 Eo(vx, ) < kaks(j = 8) %2 (n— )73/,

In virtue of (4.4), (4.5) and (4.6), to complete the proof of the lemma, it is sufficient to prove the
following

(4'7) Zogi<j§n Ey ['UXj,iI{nfigﬂlgznfi}] < Clp Vn >1

for some constant ¢j € (0,00). Indeed, by Proposition 2.1 we have

o < _on\1/2 < o 73/2.
Py, (e d(Xo, X)) < [(n=3)17]) < kan — )

Let 8y =inf{m > 0: d(Xo, Xm) > [(n —j)l/Q]}. Then

Px, (0 € X(n—j,2n —j))
<ko(n—35)73% + Px, ,(Bs < [(n—34)/2]; 0€ X(n—j,2n—j))
<ka(n—5)7%? + Ex; , [Px(a,) (Ho < 00)I13,<[(n—j)/21})

If d(0, X;_;) < 1[(n — 4)'/?], then

Ex, .[Px(sy(Ho < 00)I{,<00}] < max{P,(Hy < 00) : y € Ty, d(y, X;_i) = [(n — j)"/*]}
< max{P,(Hy < o0): y €Ty, d0,y) >1/2[(n— j)l/g]}
1/2]

— N—zln=d) (by Lemma 3.2).

Thus, there is a constant kg € (0, 00) such that Py, ,(n—j < 1 < 2n—j) < ks(n—j)~3/2, provided
d(0, X;-;) < $[(n — j)'/?]. Therefore
Eolvx,  Inizp <an—ip) < NP0 —i < g < 2n — i)
+ Bolvx,_ Lyao,x; )< 3((n—syr/2 Ln—i<pi <2013
< ks(n —§)~3/2N 3=
+ Ey [UXj—'iI{d(O,Xjfi)S%[(n—j)l/Q]}PXj—i (0 S X(n — j, 2n — ]))}
< ks(n — i) 32N Lo (n — )32 By (v, )
< kg(n—i)"¥2EN"3O=D"?) L g ke (n — )32 — i) 3/
which leads to (4.7). We have thus completed the proof of Lemma 4.3. W

We are now in the position to prove Proposition 4.2. The following argument is based on [6, Proof
of Theorem 4.5].

Proof of Proposition 4.2. Given a sufficient small § € (0,1). For each n > 1, take p = p(n) = [n°)].
Then, we have

e ()} R0 i) ()

7




By Lemma 4.3, there is a constant k7 € (0, 00) such that

Bl(S A0 SN ] e

=2

Thus,

Set R,,; = #{X(%n, %n)}, 1<i<p,andlet {R,;} = R,; — EoRy ;. From Proposition 3.1, we
get Eo{R,:}?> ~ on/p, n — .

We now prove that the random variables R, 1, -, R, , are independent. Without loss of gen-
erality, we may deal with the independence of R, and R, 2 only. Indeed, we have Py(R, 1 =
my; Rp2 = me) = Ey [I{Rn,lzml}PX(n/p)(Rn,l = mg)]. By the symmetry of T, one knows that
Py(Rn1 =mg) = Py(Rp,1 = mg) for all x € Ty. Hence

Po(Rn,1 =mi; Rn,2 = mz) = PO(Rn,l = m1) 'Po(Rn,l = mz)

= Py(Rn1 = m1) - Eo[Px(n/p)(Rn,1 = ma)]
= Py(Rp1 =my) - Po(Rp2 =mg2), VYmy, ma >0

which deduces the desired result. Thus, the assertion of Proposition 4.1 holds once the so-called
Lindeberg’s condition is satisfied for the family {R, 1}, -, {Ry pn)}. Moreover, this condition is
satisfied whenever

(4.8) Eo{R,}* < kgn?, Vn>1

for some constant ks € (0,00). To see this, set ny = [n/2]. Then

(Bo{Ra}")Y* < (Bo{#{X(0,n1)} + #{X (n1,n) 1) + (Eo#{X (0,n1) N X (1, n)}*) .

By Lemma 4.3, we have (Eo{#{X(0,n:) N X(nl,n)}}4)1/4 = o(n'/?). Since #{X(0,n;)} and
#{X(n1,n)} are independent, from Proposition 3.1, we get

4
Eo{#{X(0,m1)} + #{X(n1,n)}}" < Eo{Rn, }* + Eo{Rn,}* + kon
for some constant kg € (0, 00), where ng = n — ny. Thus

(Eo{Ra})"* < (Eo{Ru, }* + Eo{Ru,}* + kon®)'* + 0(n'/?).

For k > 1, set ay, = sup {27F/2(Eg{ R, }*)V/*: 2% <n <281} Then apy1 < (1/204 +C)Y4+0(1).
This implies that the sequence {ay} is bounded. Therefore, (4.8) holds. We have completed the proof
of Proposition 4.2. W

Proof of Theorem 1.1. Simply combine Proposition 3.1, Proposition 4.1 with Proposition 4.2. B

85. Proof of Theorem 1.2.
We begin with several lemmas.

Lemma 5.1. Let E, and ﬁn be the same as defined in Section 1. We have
lim, oo n~ 2| EgR,, — EgR,| = 0.

Proof. Take €1 € (0,1/2) and €3 € (0,1/2 — €1). By Proposition 2.1, we know that

P0< max d(O,Xl)S[ne"’])SC’(el,eg)n251+E2n_1,
0<I<[n! /2= 1]
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for some constant C(eg,€2) € (0,00). Let v, = inf{m > 0: X,,, € Sjpes1}. By Lemma 3.2, we have
Px, (Hy < oc0) = N~40:Xw) = N=[]. By Hélder’s inequality, for a fixed €5 € (0,1) such that
[1— (2€1 + 2€2)](1 — €3) > 1/2, we have

EoR,=E, 1/2)

I{Xz‘#XH-l,'“ 7Xi;£Xn}:| + O(?’L

i= [n1/2 51]

i=vn

E0|: ZI{X £Xi 11, XiE X }I{V"<[n1/2 51]}:| +O( —(1— 63) (2€1+2€2)(1— 63))+0( 1/2)

Ey |: Z I{X #Xiv1,, X ;éX,L}:| I{X 0, J>Vn}I{l/n <[n 1/251]}> —|—0(n1/2)

i=vp

Ex,, <Z Lixig X it xa ) L {x00, ,Xw,;éO}) I{yng[nl/Qfl]}:| +o(n'/?),

=0

Let pn, = inf{m > 0: Y, € Speoy} and Ho = inf{m > 1: Y,,, = 0}. Then, it is easy to see that
]53/“” (Hy < 00) = N~ Thus, a similar argument can imply that

Eoén = EO |:Ey#n (Z I{yﬁgyﬁh... ’yﬁéyn}l{yﬁgo’... ,Yn;ﬁo})l{yn<[n1/2€l]}:| + O(nl/Q).

Since T and Ty have the same structure except at the point 0, when tn < 00 and v, < oo, we have

Ex,, (Zf{xﬁéxm,--- XiAX Hx20,0 ,Xn;éo})
=0

n
= EY/Ln (Z I{Yi7éy'i+17"' 7Yi¢Yn}I{Y17507“' 7Yn5é0}>
=0

which leads to FoR,, = FoR,, + o(n'/?). The proof of Lemma 5.1 is completed. M

From the construction of T, one also sees that there are Ti n,---,Tn41,n such that Ty =
N+1T ~and T; v N T n = {o} for i # j and T n,--- ,Tn,N4+1 are 1som0rphlc Let {X }n>0 be
the 51mple random walk on 77 n with the probability law {P Yeer, n,and ry, = #{Xo, X1, , X}

Lemma 5.2. Let 0 = (N%2+1)/[N%(N —1)]. Then for every = € R!, we have

= n - E Rn v
P(i < x) — @02 [ ey, 0o,

onl/2 e
Proof. By Proposition 4.2

R, — EyR, _ ’

Py =220 <) — (2m) /2 exp(—y®/2)dy, n — oo, Vx € R'.
onl/2 -

Set g, = #{X,,,, - X,,n+n}I{X £0, ViSun; vn<[nl/2 61]} From the proof of Lemma 5.1, one sees that

o~ 'n"Y2Ep|g, — Rn| = o(1) as n — oco. Hence Py(c~'n~"'/2(g, — EoR,) < ) —

(2m)~1/2 [* . exp(=y?/2)dy, n — oo, x € R'. Let t,, = inf{m > 0: d(0,X,,) = n} and set

fo=#{Xs,, ,)_(t"Jrn}I{X#Q Vi>tn; tn<[ni/2-a1]}- Lhen the random variables f,, g,, have the same

distribution, Therefore

Po(o7'n7 V2 (f, — EoRy) < ) — (27T)’1/2/ exp(—y?/2)dy, n— oo, Vxe R

11



By a similar argument as in the proof of Lemma 5.1, we can prove Ey|f, — 7| = o(n'/?), n — oo,

where E, is the expectation with respect to P,. In other words, we have n_l/Q(fn —ry) — 0,
n — oo. This yields the desired result. M

Having these preparations, we can complete the proof of Theorem 1.2.

Proof of Theorem 1.2. Firstly, we prove
. ~n - E ~n *
(5.3) Py (% < ac) — (27r)’1/2/ exp(—y?/2)dy, n — oo, Vx € R'.
on e

Let h, = #{Y,

n?

. ,YM"HL}I{Y#Q Vi>pn: pn<[nl/2—<1]}- Then, we have E’O\Rn — hn| = o(n'/?),

n — oo, which implies n_l/Q(ﬁn — hy) Ho, 0, n — oo. In addition, h, and f, have the same
distribution too. Thus, Lemma 5.2 implies that

- (h, — EyR, _ i
P(m—/<> — em [ en(—/2dn -, Voe R

Hence, (5.3) follows from Lemma 5.1 immediately.
Next, we prove

(5.4) Eo(R, — EoR,)?/n — 0, n — oo.

In fact, from the proof of Lemma 5.1 one sees that Eoy|R,, — gn|?> = o(n), n — oco. Thus, Proposition
4.2 yields n='Ey|g, — EoR,|*> — 0, n — oo, which implies that n='Ey|f, — EoRn|?> — 0, n — oo.
Therefore, n*1E~'0|hn — EoR,|?> — 0, n — oo. From the proof of Lemma 5.1, one can also see that
n~1Eo| R, — hy|? — 0, n — co. Thus, we get (5.4) immediately from Lemma 5.1. We have completed
the proof of Theorem 1.2. W

Remark 5.5. Let Ty = (E',V'), Ty = (E,V), and {X] }»>0 be the simple random walk on T}.
Suppose that #{(E'\ E) U (E'\ E')} < oo and #{(V'\ V) U (V\ V’)} < co. Then, from the above
arguments we see that the conclusions of Theorem 1.1 hold if R, is replaced by R] = #{X{,---,X/}.

§6. Trapping problem. Proof of Theorem 1.3.

In the present section, we study the trapping problem on trees. The main aim is to complete the
proof of Theorem 1.3. As stated in [4], an accurate approximation to the survival probability at short
times is quite valuable for physical applications. Due to this reason, in this paper we only concern
with the asymptotic behaviour of survival probability for moderately large n and small € and that of
expected trapping time for small e.

It is easy to check that f(n) = Eo(1 — ¢)f» = Eg[exp(Ry,log(1 — €))] = Eolexp(—AR,)], where
A = log(l —¢)~". Asin [4], we can write f(n) = > 72(=1)' NV EoR},/j! =: exp[K (), n)], where
K(\n) = Z;’il(—l)j)\jkj(n)/j! and k;(n) can be defined in terms of EyR, and the centering
moments Fo(R, — EgR,)" of order i < j. As a fact, one can check that

ky (TL) = Eo Ry, kj (TL) = EO(Rn - EORn)j7 J=23,
ki(n) = Eo(R, — EoR,)* — 3[Eo(R, — EoR,)?)%.

Recall that (Proposition 4.1) lim, .o n 1EgR,, = (N — 1)/N and the fact: lim._o+ ¢ 1A = 1. For
small e and moderately large n log f(n) ~ —en(N — 1)/N, which proves the first part of Theorem
1.3.
Next, we consider the expected trapping time. By definition, we have ET = > >°  f(n) =
>0 o Eolexp(—=ARy)]. By Jensen’s inequality, we have ET > >  exp(—AEgR,). From the proof
12



of Proposition 4.1, we know EyR,, = n(N—1)/N+0O(1), n — oo. Thus, there is a constant K € (0, co)
such that EyR, < n(N —1)/N + K for all n > 0. Hence

lim eET > lim {eexp(—)\K)iexp(_AN—ln)]

e—0t e—0t n=0 N
1 N
= lim |eexp(—=AK)|1l—ex /\— = —.
Hm{ p( )( p( N >) ] N -1

As in [3], we let I1(e,n) = > g, cpre—r f(n) and In(e,n) = 3, pr—1 f(n). Then, ET = I (e,n) +
I1(e,n). Clearly, the following desired result lim_o+ e ET < N/(N — 1) can be deduced from

(6.1) lim lim . 6]2(6 n)=0

M—o00 e—0t+

(6.2) “lim  lim el (e,n) < N/(N —1).

M—o00 €—00

To prove (6.1) and (6.2), we need a lemma.

Lemma 6.3. There is a constant K7 > 0 such that Py(R,, < h(n)) < exp(—Kin/h(n)) for all n > 2
and for any h(n) with lim,_,. h(n) = oo and h(n) = o(n) as n — oo.

Proof. From Proposition 3 1 and Proposition 4.1, it follows that large enough n, Py (Rn < (N -
1)n/(4N)) < 1/2. Let RI(n) = #{ X : jén <m < (j +1)én}. From the proof of Proposition 4.2,

we see that R%(n), R'(n ), ,R[l/‘s]( ) are independent. Take § = 4X<h(n)n~'. Then, for large
enough n,

Po(Ry < h(n) < Py max B ()Y )
0<j<t Nl h(nyn— N -1
(N—1)n
4r(n)N N-—1)n
[ ( Nh(q‘)) < h(n)ﬂ < o~ ity

which proves the desired result. W

Proof of Theorem 1.3. Setting h(n) = (Kin/e)'/? in Lemma 6.3, it follows that for large enough n,
f(n) < Eo(exp(—AR,)) < 2exp (— (Kyen/2)Y/?). Hence

oo ')

blen) <2 3 e (= (Kien/2)!?) <2 / exp (— (Kyex/2)'/?)da

-1
n>Me~1 Met/2

=2¢ 1 /00 exp (— (K1$/2)1/2)d$

M/2

which implies (6.1).
It is clear that for sufficient small € and 0 <n < e 'M, eEyR,, < e(N —1)n/N + eK < 2M(N —
1)/N. Moreover, there is a constant Ks € (0,00) such that |eR,, — eEqR,| < eK2EoR, for all
n > 1 and € > 0. By Proposition 3.1, we can show Eg|R, — EoR,|* < |KoEoR,|* " 2var(R,) <
Ksn~Y(KyEoR,)* for all k > 2 and some constant K3 € (0,00). Moreover, one has Eg|R,, — EgR,,| <
(Fo|R, — EoR,|?)Y? < Kyn~'/?(KyFyR,,) for all n > 1 and some constant K € (0, 00). Therefore,
if M—lem! <n < Me™!, then

Eyexp(—A(R, — EoRy)) = Y peo (1)*AEo(R,, — EoR,,)" k!

<14 max(Ks, K4)n~ Y2 exp(AK2EoR,,)

<1+ max(Ks, K4)n ="/ ?exp (2(N — 1)Ko M/N).
13



By Cauchy inequality, we have

Eoexp(—ARy) < [Eoexp(—2A(R, — EgRn))]"? exp(—\EoR,,)
< [1 4 max(Ks, Kqn /% exp(4(N — 1)Ko M/N)]"? exp(—AEgRy),

provided M~le™! <n < Me™!. Thus

Li(e,n) — M~ te! < > exp(—AEoR,)
M-1le=1<n<Me—1
- [1 4 max(Ks, K)e/2M? exp (4(N — 1)Ky M/N)]/?
12 M N-1
~ 671[1+€1/2 max (K3, K;)M*? exp (4(N = 1)K2M/N)] / exp (f ~ x)dm,
Mt

which implies the desired result (6.2). The proof of Theorem 1.3 is completed. N

In a similar way, one may discuss the trapping problem on fN. Suppose that the random trap
field (C(2)),ef, with density € > 0 is on the tree Ty. Let 7' = inf{n > 0 : C(Y,) = 1} and
f(n) = P(T > n), where P = Py x Pc. Then we have

Corollary 6.4. i) For small € > 0 and moderately large n, we have log f(n) ~ en(N — 1)/N.
ii) Let E is the expectation with respect to P, we have lim. g+ ¢ - ET = N/(N —1).
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