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Ergodic Theorems for Reaction-Diffusion Processes
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New sufficient conditions are given for the ergodicity of reaction-diffusion
processes which improve both Neuhauser’s recent result and the present
author’s previous result. In the main criterion; contrary to the previous ones, the
pure birth rate of the reaction plays a critical role. To do this, a new but natural
coupling is introduced. It is proved that this coupling is the best one in some
sense. One of the main results says that the reaction-diffusion processes are
ergodic for all large enough pure birth rates.

KEY WORDS: Ergodic theorems; reaction-diffusion processes; coupling;
Kantorovich probability distance.

1. INTRODUCTION

The reaction-diffusion processes considered in this paper are continuous-
time Markov processes with state space E={: Z°>Z_ ={0,1,2,..}}.
The processes evolve in the following way:

(i) At rate b(n(x)) a particle is born at x.
(ii) At rate a(n(x)) a particle at x dies.
(iii) At rate y(x) p(x, y) a particle jumps from x to y.

Here p(x, y) is a transition probability on Z% The formal generator is
Qf ()=, {bn(x)[f(n+e)~f(n)]

+a(m(x)Lf(n—es)—f(n)]
+20(x) plx, Y)Lf(n—e.+e)~f(m)]1} (L1
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Here the sums are over all x and y in Z% and e,cE has e (x)=1 and
e (y)=0for y+#ux

Three concrete examples are:

Linear growth model: b(k)=B,+ .k, a(k)=46,k.

Schlogl's first model: b(k)= o+ Bk, a(k) =5k +d,k(k—1).

Schlogl’s second model:

b(k)= o+ Brk(k—1), alk) =06k + d3k(k — 1)(k—2).
Here the coefficients are all positive.
I assume the following hypothesis (H):

(H). p(x, p) is translation invariant in 79 p(x, x)=0, and

m m+1
bik)=Y B9, alk)=Y 8k
= Py
where k' =k(k—1)---(k—j+1), the coefficients B, and &, are non-
negative, m > 1, and f,, 8, 9,,,,>0.

Actually, one can allow f,=0. But the proof will become much
simpler, so I will not consider this situation.

For these systems, the Markov processes were constructed in ref. 1.
Since the rates are unbounded, the processes have to be constructed on a
smaller state space

E0={11€E: Y n(x) a(x) < oo}
where «(-) is a summable positive sequence such that

Y plx, y)a(y)< Ma(x), xeZ?

¥y

for some M. The uniqueness of the processes was not discussed in ref. 1,
but, as X. G. Zheng pointed out to me, it is indeed a straightforward
consequence of the construction plus some estimates of higher order
moments. I will not discuss the details here.

As for the stationary distributions of the processes, some general
existence and uniqueness results were presented in ref 2 in Chinese. An
English version with some improvements is given in ref. 5. Applying the
result given in ref. 2, Chapter 14, to the present case, if the condition

c+M-1<0

holds, where
c= sup [bk+1)—-bk)y—alk+1])+a(k)]/!

kz0,0z1
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then the process is ergodic. In the present case, p(x, y) is translation
mvariant, so the constant M can be chosen as close to 1 as desired. Hence
the condition

¢c<0 (1.2)

is sufficient for the ergodicity. For the linear growth model, the condition
(1.2) becomes B, <J,, which cannot be improved anymore.’®’ However,
this condition is too strong if the reaction is nonlinear. For example, for
the first Schlégl model, (1.2) is just

B1<0, (1.3)

For the second Schidgl model, we have a solution to (1.2) as follows:

i

d, >/32+ 04 +35

(=28,) (1.4)

Recently, Ding et al.'”) proved the ergodicity of reversible reaction-
diffusion processes (ie., ,=af,_,, 1<i<m+1, for some «>0) under
some reasonable hypotheses. By using ideas from that paper, Neuhauser ()
has improved the condition (1.2) in the general case (not necessarily
reversible). She used a metric

plk, )= Y u; on 74

o<j<lk~1I—1

where 12 u;>¢>0 for some ¢>0 and all jeZ,, instead of the ordinary
metric |k —I|. The latter was used in my original proof of estimating
the Kantorovich probability distance (in refs. 2, 4, and 5 it was called
the KRW distance). Since p(k,/) is equivalent to the ordinary metric,
Neuhauser’s theorem is also the ergodicity in the same Kantorovich
distance (cf. Remark 2.2).

In this paper, some new sufficient conditions for the ergodicity are
proposed. The main result is Theorem 1.1, in which a metric not necessarily
equivalent to the above one is used. More precisely, I require u; >0 for all
J/=0, but not u;>¢>0 as above; the pure birth rate f, appears in the
formulation of the criterion of Theorem 1.1. This is an essentially new
point. Actually, T will prove that the reaction-diffusion processes are
ergodic for all large enough B, (Theorem 4.8). The reason I can do this is
that I find a new but quite natural coupling and, as is seen in Section 3, it
is the best choice in some sense.
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To state the main result, I need some notations. Define

ug=1, u1=u1(8)=(kir>1f0[b(k)+a(k+1)—8]/[a(k)+b(k+1)+8])v0
u,=u,(e)= {klgt; |:(b(k) valk+1)+Du_+bk) A alk+1)u;_,
ey uj]/[a(k)+b(k+l)+6]} vo, I>2

where a v b=max{a, b}, a A b=min{a, b}.

Theorem 1.1 (u-criterion). Under (H), if there exists an ¢ >0 such
that u,(g) >0 for all /=0, then the process is ergodic.

This theorem will be proved in the next section. In Section 3, I will
introduce some other criteria and compare them with the above criterion
and the original condition (1.2). In the last section, I apply the criteria to
the Schiégl models. I study mainly for the first model when the criteria are
or are not available. Different versions of these criteria and a comparison
result for different processes are presented. Having the ergodicity of the
reversible processes in mind, we know that our main criterion is still not
at the final level. This may be due to the limitation of the coupling
technique. It is worth mentioning that the ideas of this paper can be used
directly for the study of successful couplings of other Markov processes.

2. PROOF OF THEOREM 1.1

T begin this section with a simple result.

Lemma 2.1. Under (H), the sequence {u,} is decreasing and boun-
ded by 1 from above.

Proof. Use induction. Since the degree of a(k) is higher than that of
b(k), we have

uo < lim PR Fale+ D=0

pon a4 b+ ) +e

Suppose that 0<u,_ <y, ,< --- <1; then

_bk) v oalk+1)+1
<1 - =
ws O bk )+ i TSt QED
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Lemma 2.2 (Estimates of Moments). Under (H), for every m>1,
we have:

(i) E'(nx)")< o0, t=0, nek,, xeZ-

(ii)) There exists a decreasing function ¢,,: (0, oo} — [0, co) such that

E'(n,(x)™) < @,,(1) forall >0 and nekj
where E” indicates the expected value for the process #, starting from # and

E;={neEy: n(x)=n(0)forall xe 74}

Proof. The first assertion comes as no surprise because the degree of
the death rate is higher than the degree of the birth rate. At least when
m =1, it was proved in ref. 1, but the same proof works for the general case
as well. The second assertion is due to Ding et al,'” for which we require
that the degree of the death rate is at least two. QED

Now, we split the proof of Theorem (1.1) into five steps.

(a) First, consider the finite-dimensional case. Let S be a finite
additive group. Suppose that (p(x, y): x, y€S) is a translation-invariant
transition probability:

pix+z, y+z)=plx, y) forall x,y,zeS

By using S instead of Z¢, one can define a generator as in (1.1). T introduce
the following coupling for this Markov chain. For the diffusion part,
throughout this paper, I couple the process in the following way:

- M—e.te,{~e.+e,) atraten(x) A l(x) p(x, y)
—(—ecte, () atrate (7(x) —{(x))™ p(x, y)
- {—e te,) at rate ({(x) —n(x))™ p(x, y)

Notice that whenever simultaneous jumps at rate 4 A B (say) occur, we
automatically get two individual jumps at rates (4~ B)* and (B—A4)*,
respectively. Thus, in what follows I will write down only the first rate and
omit the others for simplicity.

For the reaction part, at each xeZ% I couple the process in the
following way:

(1) If #(x)={(x), the two marginal processes are made to evolve at
exact the same rates.
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(it) If |n(x)—{(x)| =1, they are made to jump independently. For
example,

(1, ) > (n+e,, () atrateb(n(x))
- (1, {+e,) atrateb({(x))
and so on.
(i) Let g(x)<l(x). If |5(x)—{(x)| =2, choose
(1,0~ (1+e,,C—e,)  atrate bin(x)) A al((x))
= (1= e, ) at rate a(y(x))
= (n, {tey) at rate H({(x))

Finally, T use & to denote this coupling operator. It is a generator and
clearly order-preserving.®

(b) Next, I make some computations. Let F(k) =2« <x 1 %;. Then
for é(x)={(x)—n(x)=0, xe S, we have
QF(E(x)) = { —=b(n(x)) g1 + aln(x)) g
+ (LX) ey — AlC(X)) sy 1} Loy =1
+{ = [b(n(x)) A all(x) W) -2+ ey - 1)
— [b(n(x)) — a(l(x)) 1" ug)
— [a(l(x)) = b(n(x))]™ gy -1
+a(n(x))ugq, + bC(xX)) ey} ey =2

+Z E(y) P, X)uey — E(x) Z (X, )ty _1

Y ¥y

where I,,,_, is the indicator of the set [{: {(x)=1]. Collecting terms, we
obtain

OF(E(x)) = {La(n(x)) + b({(x)) Tug ()
— [b(n(x)) + a(l(x) Jttep -1 } Lz =1
+ {[a(n(x)) + b(L(x)) Juex)
— [b(n(x)} v a(l(x)) 1) -
— [b(n(x)) A a((x))Jsey - 2} Loy 2

—&(X) Uy - + Y E(y) p(y, X)theny
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Note that we can combine —&(x)u,(,, ; into the reaction part, so we can
estimate this by

QF(E(x)) < —eF(&(x)) = &(x) + X, E(») p(y, x)

As mentioned before, the coupling jump process P(r) with generator @ is
unique, so we have

%Fuynaxn=ﬁu)ﬁﬂéun

Thus, for any initial y <{, n, { € E*,
Ef={ne?% : n(x)=n(0), xeS}
we obtain

d 2
=~ E"ORE (x))

< —eEPOFE (x))— B0 (x) + E™O Y &(y) p(y, x)
= —eEDF(E (x)), xesS, =0

where £, ={,—#,. Here I use attractiveness, n<{=-#,<{,, as, and
translation invariance

Er9¢,(3) = E"9¢,(0)

Yy, x)=3 p0,x—y)=1

Hence, we arrive at

ErOFE(x) < EWO(FE(x) exp[—e(t—1)] 121, xeS

(¢) Let Ay=[—N+1,N]?=Z and regard A, as the torus S, =
Z°/(2NZ), the factor group. On Sy, we can introduce a shift operator in
a natural way and translation invariance is meaningful. Next, for a given
translation-invariant transition probability p(x, y) on Z% we can introduce
pn(x, ) on S, with the same property:

pal0, %)= p(0, x)/ Y p0.2),  xeSy

ze Sy

Here I have identified xe S as an element in Z<
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Applying (a) and (b) to the present case with an obvious change of
notations, we get

E@OFE(0) <EWDF(E,(0)) exp[ —e(r—1)], 121 (2.1)

for any initial n <, %, (€ E}.

(d) Now, let us go back to A ,. Regard the above process P,(1) as
a process on Z4¥. Let £ denote the infinite-dimensional coupling operator
constructed in the same way as in (a). It is easy to check that for every
xeZ9 if we put h,(n, {)=n(x)+ {(x), then

Oh,(n, ()< e[1+hy(n, §)]

for some constant ¢ < oo. Moreover, the interaction between two boxes
[ie., 7(x) p(x, y)] is at most linear. These two facts enable us to find a
Markov process with generator 2. An alternative way is to take a weak
limit @ in the usual Skorohod topology, which is a solution to the
Martingale problem for the operator & (see ref. 9 for details). Thus, from
Lemma 2.2 and (2.1), it follows that

EO-OF(£,(0)) SETOF(E,(0)) expl —e(r — 1)] (22)

Since the original process is unique, it does not depend on the ways of
different finite-dimensional approximations. Hence each marginal distribu-
tion of P coincides with the original process. In particular, we have

E0 F(&,(0)) < EL,(0) — E",(0) < oo (23)

(e) Finally, let 47 denote the Markov process starting from n(x)=n,
x € Z% By the attractiveness of the original process, we have {7<{7*!, as.
Following Ding et al,'”’ we can construct a common probability space
(2, Z,E) on which the process (n,, {,) lives and

e, P-as.
By Lemma 2.2,
E(P(0) < 00 (2.4)
By (2.2)-(2.4) and Fatou’s lemma, we get

EF(£7(0)—17(0))
< lim EF({3(0)—#5(0)) exp[ —e(z—1)]

n— o

SE(CF0) —ni0) exp[ —s(r—1)],  1>1
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Using Fatou’s lemma again, we finally obtain

EF(£=(0)—1° (0))
< lim EF(°(0)—n9(0))

r—>

< lim EF({7(0)—73(0)) exp[ —&(t—1)1=0

r— o0
Since u,> 0 for all />0, this proves that

(2(0)=4%(0)  QED

Remark 2.7. 1In view of (b) in the previous proof, what we need is to
choose a sequence {v,: />0} such that 0 <v,<u, for all />0. But it is easy
to see that the largest choice of {v,} is just {u,}. One may ask whether one
can improve the theorem by setting ¢ =0 in the formulation of u,= u,(¢).
The answer is negative. Consider the linear growth model with 8, =4§,;
then «,(0) =1 for all /> 0. But the translation-invariant stationary distribu-
tions are not unique.®® This is the main difference between the finite-
dimensional case and the infinite-dimensional one. In other words, we can
take ¢ =0 in the former case by studying the successful couplings, but we
cannot do so for the latter case.

On the other hand, the estimate

ECON Ed0) P X)tgn SE"O L E(3) p(9, %)

¥ y

used in (b) may not be sharp, but I have no way to improve it at the
moment.

Remark 2.2. By Lemma 2.1, the sequence {u,} is decreasing, hence
p(k, )= F(lk—1]) is a metric on Z , . Furthermore,

p(n, {) =3 a(x) p(n(x), {(x))

X

defines a metric on E,, and so we have a Kantorovich distance
K(P, Q)=inf | p(n, 0) P(d, )
P

where P and Q are probabilities on E, and P varies over all coupling
probabilities of P and Q. In this notation, we have indeed proved that
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K(P(ta ", ')a P(ta C’ ))
<E"Yp(n,, L)

<Y a(x) EF((2(0)—1°(0))

< [z oc(x)] expl —e(r— 1)] EC(0) — n%(0))

X

-0 as [ —>

Remark 2.3. Having the above probability distance K(P, Q) in
mind, along the lines of refs. 3 and 5, we can prove Theorem 1.1, even more
simply for the more general case where the degree of the death rate may be
equal to one and p(x, y) is not necessarily translation invariant. Of course,
the condition

syZM&w<w

is needed. The reason I do not adopt the simpler proof here is that I want
to cover some other cases, where some sequence {u;} does not define a
metric on Z .

3. DISCUSSION OF OTHER CRITERIA

The coupling for the birth-death processes (i.e., the reaction part) used
in the last section simply makes the two marginals jump to places that are
as close as possible. Of course, one can use other couplings. Here are some
examples.

Fix xeZ% and let n(x)=k and &(x)={(x)—n(x)=1=0. If /=0,
always make the marginals move simultancously (in the box x).

(i) Basic coupling Q,. When [=2, choose
(k,k+1)—>(k+1,k+1) atrate b(k) A a(k+/)
- (k—1,k+1) atratea(k)
> (k,k+1+1) atrateb(k+1)

I repeat here that I omit the two rates (4 — B)* and (B—A)" whenever
there is a rate A A B (say). When /=1 or >3 one simply makes the two
marginals move independently.

(i) Classical coupling Q.. For I>1, the marginals move inde-
pendently.
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(iii) March coupling Q,,. For [>1,

(K, k+D—(k+1,k+1+1) atrate b(k) A bk +1)
—={(k—1,k+1-1) atrate a(k) A alk+1)
This coupling has been used often in the study of reaction-diffusion
processes. It has the advantage of being easy to handle and, as mentioned
before, is good enough for the linear growth model.

Combining the above couplings, one may produce other couplings.
For example, by combining (ii) with (iii), we get the following coupling.

(iv) Coupling B3, TfI1<1,use @,;if =2, use 3,,.

For all of these couplings (recall that the coupling for diffusion part is
kept fixed), there are corresponding criteria for the ergodicity of reaction-
diffusion processes. To state them, set

ub=u§=u"=ur=1
W=uS=u"=u, =ue)
Uy =ty = u(e)
= () (3.1)
/1—1
=<inf {[b(k)-}-a(k-i-l)—kl]uf_l—l—s Y uj‘}
k20

=0
X [a(k)+b(k+1)+a]—1> vo, Iz2
Replacing uj_, with «/_, in the right-hand side of (3.1), one defines
u? =ul(e) for /> 3. Next, set

uy =uj'(e)

:[(inf {[a(k+l)—a(k)+i]u’,”_l—l——slzl u;.ﬂ}

k>0 =0

x [b(k+l)—b(k)+a]“> v 0] AL 11 (3.2)

Similarly, replacing )" | with u{™, in the right-hand side of (3.2), one
defines u{” =u{"(¢) for [>2.

Among all of these sequences, (uf), (u7'), and (45"} are casier for
computation. Following the proof given in the last section, we obtain the
following result.



950 Chen

Proposition 3.1. Under (H), for each r =5, ¢, m, or cm, if uj(¢) >0
for some ¢>0 and all />0, then the process is ergodic.

I refer to the criterion given by Proposition 3.1 as the u'-criterion
(r=>5, ¢, m, cm). Now I compare these criteria with the original result.

Proposition 3.2. Under (H), if (1.2) holds, then there exists an
&> 0 such that

u(e)=uy(e)=1
for all /=0 and r=05, ¢, m, cm.

Proof. Since the proof is the same for different cases, we check only
that

ul'(e)=1, =0
It suffices to show that

[d,ak)—I1/[4,b(k)+e]l=1, k=0, I>1

where 4,a(k)=a(k +1)— a(k) and 4,b(k)=b(k + [) — n(k). This is nothing
but the condition (1.2). QED

In order to compare the above criteria with the wu-criterion, I first
make some remarks. First, we can assume that b(k) # const, since for this
special case, the condition (1.2) is already good enough. Second, it seems
hard to handle the general case, and so I restrict myself to the extreme
case ¢=0. This is meaningful because if we replace —/—¢&3 /Z5u} with
—(1+¢)! in (3.1) and (3.2), the proof given below still works well. Even
the extreme case is stronger than in the original case, but it is the most
practical one (see next section). On the other hand, since the coupling for
the diffusion part is fixed, we are indeed comparing the couplings of one-
dimensional birth-death processes. Hence ¢ can be allowed to be zero, at
least in the study of successful coupling.®

Let

a=u,0), @=ul0), r=bc,mem, 1>0 (3.3)

For the successful coupling, one requires that > #,= 00 (3 i) = ).
The following trivial fact will be used in the next section.

Lemma 3.3. For any ¢>0 and />0, we have

1212 M[(S), ZZ; = u7(8)9 r= ba ¢, m, cm
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Proposition 3.4. Under (H), if 5(k) is not a constant, then for
every [ >0, we have

and @ zap
As for the gap between @5 and @™, we have the following conclusions:

(1) If there exi‘sts an o> 1 such that #; > ;™ and {5}, is strictly
decreasing, then so is {u#{"},,, and @§ > ;™ for all />1,.

(ii) If there exists an /,>0 such that uj >u;" and u;=i; for ail
121, then X7 ™ <3 5 idf = cc.

In the above cases, we certainly have " >0 (V/=0)=u{ >0 (VI =0).
Moreover, if the degree of the death rates equals two or three, then either
(1) or (i1) will happen. In general:

(iil) If we replace @™ by 4" =™ A u” | (I = 1), then &} = a5” for all
120
In the above sense, the coupling used for the w-criterion is the best
one.

Proof. (a) As in the proof of Lemma 2.1, (#%) and () are decreasing
and bounded by 1 from above. Hence, it should be clear that @, > > i§
for ali /=0,

(b) For i =i}, /=0, we need only to check that " > i7" Recall
that da(k)= A,a(k)=alk+ 1) — a(k) and so on. We have

il <= da(k) = Ab(k), Vk=0
< blk)+ak+1)=alk)+b(k+1), V=0
<=1
Thus, we may assume that
Ay ={k=0:da(k)— 4b(k)<0} #
which is a finite subset of Z .. Then
I >a{"= El;rg [b(k)+ alk+1)]/[alk)+ bk +1)]

zmin(da(k)—Ab(k) 1)
ke \a(k) + bk + 1)

 (da(k) — Ab(k) -
>k“e‘ff}1< A5(k) +1>>“1

For the strict inequality I have used a(k)+ b(k+ 1) > b(k)> 0.
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(c) In the case (i), we have
[blkY+alk+ D)+ 1]us_—1 }
=<k=0: “
i { 0 a(k) + bk + 1) Hi
={k>0: [4,a(k)—4,b(k)+1]a;_,—1<0}
# J, Izl+1

By assumption, @5 > u;". Now, suppose that this holds for some /> /y; then

[d,a(k)—Abk)+1]u;_ — .y
1>u;= {kem a(k)+b(k+1) +”"‘}VO
[diak)—Abk)+1]u;_ =1 _,
{ A,5(k) +} Vo
[Ala(k)+l]ul 1
{f (k) }V 0
[d,a(k)+1] U — } 0
{kef, A,b(k) Y

By induction, we have @§ = 5™ for all /> /.
Next, suppose that ™ > 5", for some />1/,+ 1. Then by definition
we would not only have that

£n>1n [4,a(k)—A,b(k)]/I+1>0 (34)
but also that
ui™ zmax {[4,a(k)—4,b(k)]+ I (3.5)
k=0

Since we know from (c) that #§ |, =", replacing 4™, by u;_, (3.4) and
(3.5) would still hold. This implies that &, ; =i, which contradicts our
assumption. We have thus complete the proof of case (i) as well as that for
case (iii).

(d) Consider case (ii). The special situation that /, =0 was treated in
Proposition 3.2. Hence, we assume that [, > 1. If for all /> [,, #;™ < uj, then
the assertion is trivial. Assume that there exists some />, + 1 for which
u{™ > u;. Let /; be the first one after /, having this property. The condition
uf =g, , = --- simply means that

inf {min[4,a(k)—A4,b(k)]/I+1}=r>0

Izh+1 k=0
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and that u; >r~". Thus, if ;" > uj, if follows from the last paragraph that
we should have u§™ | = 4™ for all />/;. Hence }_ u] =3 u;" = co.

(e) Finally, consider the situation where the degree of the death rate
equals two or three. These contain the first and the second Schldgl models.
In both situations, if {af},., is strictly decreasing, then we just have case
(i). Otherwise, let /, be the first integer so that

—c —c —c —c _ =c
dg>ui> -+ >y and Uy =1y,

Then the proof in (c) indicates that
ug" > "> iy, THE S T for 1<, (3.6)
Now, I claim that
UHESTIA forall (=], (3.7)

If this holds, then (3.6) and (3.7) imply that we are in case (ii). To prove
(3.7), recall that for I= 1, af=a5_, if and only if (3.4) and (3.5) hold with
us™, replaced by @ _,. These modified conditions are denoted by (3.4') and
(3.5") respectively. Let us now study the case of degree m=1 or 2,
respectively.

For m=1, we have

min[4,a(k) = 4,6() )1+ 1 =38,y + 1+ 5,1~ 1)

which is increasing in [ Hence, (3.4’) and (3.5') are satisfied for all
(zl,+ 1.
For m = 2, the situation is more complicated. In that case,

h(k, 1) = [4,a(k) — 4,b(k) 1/l + 1
= (6, = B)+ (65— Bo)(I+ 2k ~ 1)+ 5,12+ 3(k — 1)1
+3k2—6k+2]+1

B I 8= BNT a (L 0BV
—353[k+<2—1+ 3, >] —353<2~1+T>
T (01 =B+ (62— o)~ 1)+ 05(I - 1)1 —2)+ 1

For fixed /=1, if /2—1+4(6,— f,)/36;=a>0, then A(- ) achieves its
minimum at k=0 and

h(1)=min h(k, )
k=0

=01 =B+ (0, =B —1)+65(/— 1)1 -2) +1

822/58/5-6-11



954 Chen

It is easy to check (since «>0) that in the present situation, A(/) is
increasing in / for /> 2[1— (5, — f,)/38,]. If « <0, then A(-, [) achieves its
minimum at k, = kq(/), the nonnegative integer closest to —a. Moreover,

h(l) = min h(k, )
k=0

l _ 2 _ 2
=353<k0+——1+u2> —353(1—1+u2—>

2 36, 2 35,
(61— B1) + By — Ba)(I— 1)+ 51— 1)(I=2) + 1
=34, <k0+é— 1 +5i3g—ﬁ%> +%5312—53
3
LGB+ 14 (5, By =02 (38)
30,4

Since the first term on the right-hand side of (3.8) is less than 34,, it
follows that the function A(/) is increasing in / not only on the interval
1<I<2[1—(6,— B,)/305], but also for all /> 1. This again shows that the
above two conditions (3.4} and (3.5") are satisfied. QED

Remark 3.7. The idea in Remarks 2.2 and 2.3 can also be applied to
the (#?)- and (u§)-sequences but not to the (u$™)- and (u7")-sequences. The
reason is that, for instance,

Osj<lk—{l—-1

is in general no longer a metric on Z , .

4. APPLICATIONS

In this section, I finally prove that the systems are ergodic if j, is
sufficient large (Theorem 4.8). But first, let us study Schlogl’s first and
second models more carefully. For the first one, we have

Aa(ky=1I[6,+8,(I+2k—1)],  4,b(k)=p,!

and for the second one,
dya(k)=1{d; + 5[ 1>+ 3(k—1)]+3k>— 6k +2]}
4,b(k)y=1p,({+2k—1)
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Lemma 4.1. For the first Schldgl model, we have

1 if 8,> B,

ui(e)= 81+ Bo—c¢

R if 8,<p;, esmallenough
1 0

For the second one, we have

1 if (365 +28,)2 < 125,55

u(e)=

blky+alk+1)—¢

' 28,)?>126,6
ot br )re L (305+282)7>120,0,

. and ¢ small enough

where

Ho={k>0:160;k — (365 +28,)| < [(365 +2B,)* — 125,551}
In particular, if §, <28,, then u,(8) < (26, + B, —¢)/(0, + 2B, + By +¢) for
small enough &> 0.

From Lemma 3.3, we easily get the following results.

Proposition 4.2. In order for the »*"-criterion to be applicable, it
is necessary that

a;m>1]?a§{4,a(k)/1+ 1t ={alyi+1}7Y Izt
For the first and second Schldgl models, this becomes

1" > {0, +1+6,1} 71, =1
and
4" > {1406, +0650(/— 1)} 1, =1
respectively. In particular, for the first model, if 8, > §,, then

01+ (0, +0,)(6,+ o) > B,
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is a necessary condition; for the second model, if §, <28,, then
01 (1 420, + Bo)>2p,

is necessary.

Proposition 4.3. In order for the u-criterion to be applicable, it is
necessary that

“_ 5 >I;13())({[b(k) +atk+0]/1+1} 7!

={[fo+a))I+1}7, =22
For the Schlogl models, this becomes
d_ 2> {Bo/l+ 6, +,(1—1)+1}!
and

d_2> {Bo/l+6,+55(—1)(—2)+1}7!

respectively. In particular, for the first model, if §, >6,, then
31(81+235) + BolBo + 48, + 66,)/3 > B,
is a necessary condition; for the second model, if §, <2f,, then
1+ (8, 4265+ Bo/3)(Bo+26,)>28,

is necessary.

To obtain some precise ergodic conditions by using the u-criterion
(u'-criterion), one should study both the upper and the lower bounds of
the u,. For simplicity, I consider only the latter lower one. I first introduce
more practical versions of the present criteria. Put

o =Up, iy =ily(e) =u,(e)
i,=u,e)= (kir>1f0{[b(k) vak+D)+I1—eli,_,
+[b(k) A alk+1)—eli,_,—1—e(l—2)}
x [a(k) +blk+1)+e] ") v O, =2
Clearly,

i, <uy, =0
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The criterion corresponding to the (#,)-sequence is called the #-criterion for
now.

For the fi-criterion, we have a comparison theorem for two processes
with different rates (b’,a’), i=1, 2. Here, T consider only the following
cases:

(i) b'(k)=b*(k)=b(k) and a'(k) > a*(k), k= 0.

(ii) a'(k)=a*(k)=a(k), b'(k)=b*(k), k>0, but only the pure birth
rates of h!(k) and b*(k) can be different.

In both cases, I use the same notation (i}) for the sequence defined
above corresponding to the rates (¥, a'), i=1, 2.

Proposition 4.4. For the above two cases (i) and (ii), we have
alza;  forall 120

The proof is very much similar to that of Proposition 3.4 and hence is
omitted here. Note that the above two cases are not symmetric. This means
that a special role is played by the pure birth rate j,.

Similarly, one can introduce the corresponding versions of (u}) and
their criteria. However, in what follows I will not mention the #’-criteria
any further. More precisely, I look for estimates of the type #,(e)>=
(1 +al)~! for some ¢>0 and all /> 1. Then, one certainly has u,(¢) >
y(1+al)~! for the same £>0 and all /> 1. Moreover, I only discuss the
first Schlégl model.

For the u“"-criterion, one has the following result.

Coroliary 4.5. For the first Schlégl model, if

o (1+Bo/6,)[1+2(8,+3,)] }
0, <{1+6 4.1
‘{ 2140, +0,)(150,+Bo)+0,] 1 (41)
then
u™e)y=y(l+al)™?  forsome e>0andall/>1 (4.2)

where y=1 and a=0 if §, > f,; otherwise, o =3,/(1 +é,) and

1 [1+ 1 ]< (L+6,+8,)(6,+Bo)
T4, L 146,420, B~ S T (1408 + fo)

In particular, (4.2) holds for the specific case y=1 if

o[, LA s
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The proof is omitted here since it is similar to the next one. Indeed, we
have

uir = [({[51 Lo+ 1] —1—5 Y u;’”/l}

x(ﬁ1+3/l)‘> v o] Al 22

which does not involve the variable k.

Remark 4.1. Comparing the new sufficient condition (4.3) with (1.3),
we see that the new one is much better. Next, in view of Proposition 4.2,
the estimate of (#§") given here is nearly necessary. Finally, for large
enough f,, (4.1) reduces to

(51+52)<1+ >f, (4.4)

140 12+ 0 2)
To study the u-criterion, we need the following simple observation.
Lemma 4.6. For the first Schlogl model, we have

wy=1u;_, if [a(l)+!—pl—¢e]u,_,

-1

+[Bonal)u,_r—u,_)=2l+e Z Uj

j=0

u,=<{[ﬂ0 valy+u_+[Borall)]u,_,—e—e¢ i "J}

j=

x [b(l)+¢] 1) v0, [>2,  otherwise

Proof. For every [ =2, u;=u,_, if and only if
[bk) v altk+ 1)+ u;_+ [blk) A alk+1)]u,_,
—[a(k)y+bk+1)+e]u,_,
>l+e ) u, Vkz=0
That is,
[d,a(k)—4,b(k)+1—¢e]u;_+ [b(k) A alk+1)J(u; > —u;_y)

I—1
2l+e ) u, Vkz0 (4.5)

j=0
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Since the left-hand side of (4.5) is increasing in k, it follows that (4.5) is
equivalent to

laD)+1-Bl—elu_y+ [BonalD) N, —u ) Z1+e il u;

i=0

This proves the first part of the lemma. Conversely, if (4.5) does not hold,
then we have

{[b(k) valk+1)+1u;_+ [bk) A alk+1)Ju,

—l—sz }/ kKY+bk+1)+¢]

_ {[A,a(k)—— Ab(k)+1—elus_,

+ [ok) Aalk+D)(u;_ s —uy_y)—1—¢ i u/}

x[a(k)+blk+1D)+e] " +u,_,
>{[a<z)+z—ﬁ11—eju,_1+[ﬂoAa(l)](u,wz—u,_l)
—l—az }/[ak)+b(k+l)+8]+u, .
>{[a(z)+l—ﬂll—a]u,ﬁ[ﬁwa(l)](u,z—ul_l)
—l~—sz }/ D+el+u_,

~{UBov aty+ 2+ Do m al) i s =12 3 )

j=0

x[b()+e]~' QED

Now, I turn to the main discussion. For u,(e) = y(1 +al)~}, I=1,2, it
suffices that

a,>y(1+al)”,  I1=1,2 (4.6)
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Uy =1, if (0, —Bi+d+ 1)+ [3oA (6, 4+8,)1(1—ay) = L,
=({[3Bo Vv (01 +8:) +11i,+ [3B0 A (6,4 6,)]—1}
x(3Bo+B) ) v 0  otherwise

For /=3, by Lemma 4.6, we require that
{ﬁova(l)+l—s BO)YAa(l)—e b(l)+e
14+a(/l—1) 1+a(l—2) 14 ol
z(1+e)l—2e 4.7)

Let

I, = (the first integer so that a(/) = B,) v 3

Then, for /> 1,, (4.7) becomes
Y01 —B1—02) + [0, —(1+e)a]l+y—1

{oc[a(l)/l+l]+ 2afo/! }
l+a(l—1) 1+a(/l—2)

yoe 1 2 e
Z ¢ By—20)—2
1[1+a(l—1)+1+a(z—2)}+8+1(7’ o) — 2en

Hence, we require that

Y0, —B1)+ (o, —a)l+y—1

a(l+6,)—9, 20f/1
]: T+a(l—1) 1+a(l—2)

]>o, I>1, (4.8)

Similarly, for 3 <I</,, we require that

Y0, =B )+ (o, —a)l+y—1

a(fo/l+1) 20(6, +6,) — 20,
[l—l-oc(l—l) T Y a(—2) ]>O (49)

Since

ala(l)/I+1] 2afo/1 >oc(ﬁ0/l+1) 2aa(l)/!
1+a(l—1) 1+cx(l—2)/1+oc(l—1) 1+a(l—2)
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holds if and only if f, = a(/). So does

a(146) =0, 2pyl _ alol+1) , 5, 26, +6,) =25,
T+ai—1) 1+a(l—2)"T+a(l—1) 2 14a(l-2)

Hence, if we set

a(140,)—3,  2ufyl
qj(ﬁ"s’l):[ 1+a(i—1) l+oc(l—2):|
w(Bofl+1) 26(8, + 5,) ﬂzaz}
A[1+a(l—1)+52+ T+ai—2) (4.10)

then (4.8) and (4.9) can be unified into
(O, —B)+ (o, —o}+y—14+9D(h,0,1)>0, 23 (4.11)
Combining (4.11) with (4.6), we need that

[1468,— B+ 06,0+ DB, 8, 1)1/(1 +al)
>1y> ([ +a)i ] A [Q+20@,1) ", =3 (412)

In view of the left-hand side, it is necessary that o < d,. This fact plus (4.8)
suggests the choice

a=0,/(1+0,)<3;

From now on we fix this o. Then, (4.12) becomes

HUB, 5, 1) = —— (9(6,5,1)~ ]

> (140 )({LL+8,+8,)a J/[(1+6,+285)a,]1} "~ 1)

I

W, 1>3 (4.13)

On the other hand, for /=1,, AH(f, J, -)(I) =0 if and only if

o4
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That is,
1 /
Bz BB, 8,1)— = 4D(B, 3, (1)
1 / D(B,6,1+1
:¢(ﬁ,5,1)[1+ Z“ <1— Epﬂ(;ét) )ﬂ

B 1 +al I[1+a(l-2)]
=d(B,6,1) [1+ " (1 S+ D[ +a(l—1)]>:|

_ 20f, 14 14+ ol (1 +al)
_l[1+a(1—2)]|: a(1+1)+(l+1)[1+a(l—1)]}

___ b [H- L 2. A 414
14 a(l—2)] a(l+1) I+1 (l+1)[1+<x(l—1)]] (314

Because the right-hand side is decreasing in /, if we let /, be the first integer
starting from /; so that (4.14) holds, then

inf H(B,6,1)=H(B,3,1,)

Izl
Thus, (4.13) reduces to
min  H(B,6,1) A H(B, 0,1} >w (4.15)

Igi<h—1

Even though one can evaluate the above minimum by using the same
argument in the case that d, = 1, I will not do so, since only small f, (ie.,
small /,) has to be considered, as we will see soon.

Next, I seek some more explicit conditions. The reason I started from
/=3 1is to leave u, free and so y can be greater than one. Otherwise, u(¢) >
y(14+a-0)~! is trivial and so we do not need to consider &, as one of our
initial points. More precisely, let y =1. Then the condition (4.6) for /=1
becomes
9+ o

51+521+5
1

> B, (4.16)

As for (4.8), note that

o 20(6,— 1)
Tal=1 2 Trai=2)

5,1+ al) 1 2

“1+a(i—2) a|:1+a(1—1)_1+a(l—2)}
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L+ 5. o ]
_1+a(l—2)[ 2 1+4a(l—1)

_ Oy(l+al) 5, +6,(1-1)
_1+a(l—2)1+51+52(1_1)

- a(l+al) B
_[1+a(1—2)][1+a(1_1)][51+52(1 1]

and
aBo 2 1
! [1 +a(l—2) 1+a(l— 1)}
_ o(1+al) &
[+ a(—2)][1+a(l—1)] {
Hence

a(l+al)

af
o tal—2 0 +al=1D)]

P80 )= T =D

x{<%> ALd,+6,(I— 1)]}

oo (4.17)

Il +a(—1)]

On the other hand,

Bo

S T ai= )]
o +ﬁ(a~—1)

9y
Ty =D+ = o,

51 2ﬁ0 13 51
>3[<7> ﬂ T2, @1

Therefore, (4.8) follows from

6,0, 2 173 0i(0,+1+6;)
[(2<1+51)> ﬁ"} T ey P (4.18)
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Clearly, (4.16) and (4.18) hold for large enough f,. Certainly, instead of
(4.18), we can use

afo
No[l+a(No—1)]

8, +8,aNg + B, (4.19)

where N, is the first integer starting from 2, so that

ﬁ> 1+ 2af
Bo I+ D[+ a(l— 1] +al)

Now, I summarize the above discussions as follows.

Corollary 4.7. For the first Schl6gl model, take «=01if 3, > §, and
d,/(1+6,) otherwise. If (4.15) holds, then we can choose some y >0 and
¢>0 such that u,(e)=y(l +al)~! for all />1 (in the case that §, > f,,
simply take y = 1). In particular, the same assertion is true if (4.16) and one
of (4.18) and (4.19) holds. Furthermore, for fixed §,, 0, and §,, the same
assertion holds for all large enough f,,.

Example. Take 6,=1,06,=2, ;,=9, and o = 1. If we take y =1, then
for (4.16) and (4.18), we require that B, >4 x (8/3)*~76. For (4.16) and
(4.19) it is enough that §,>75. However, for (4.15), we need only that
Bo >4+ (145)>~ 16.0416. To show this, let 15< f,<18. Then we have
lo=1;=4, (4i1,) A (6i1,) =41, =4(1 + B,)/(9 + Bo), and

H(B, 5,3)> H(B, 5, 4) %(%9_9)

[l

gives the solution fo>4+ (145)*% Finally, if we set f§=inf{f,: the
u-criterion is available for this example with pure birth rate f,}, then it is
not difficult to show that #§e (10.406, 10.4061). However, the «"-criterion
is not applicable for any f,.

I conclude this paper with a general result.

Hence

Theorem 4.8. Under (H), for fixed f,..., B> 81,0 0,, 41 and large
enough f,, we have u,(¢)= (1 +af)”' for some & a>0, and all />0. In
other words, the reaction-diffusion processes are ergodic for all large
enough f,.
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Proof. When m=1, the assertion with o =3,/(1+ J,) was proved in
Corollary 4.7. Now, assume that m > 2 and take a=1. For /> 2, it suffices
that

b(k)va(k+1)+l+b(k)/\a(k+l)_a(k)+b(k+l)>(1+8)l, k>0
/ -1 I+1

Equivalently,

Aralk)— A,b()+1 bk) A alk+1)  alk)+bk+1)
; ey YT e

>(1+e)l, k=0

Set

stk L jy=r+1=" Y L +l? y il

k—j<i<k k—j<ii<iy<k
+ -+ Z iy
k—j<ii< - <<k

Then we have
stk, L, j—1y<s(k, 1, j)/l forall j<k

and

[Aza(k)—Azb(k)]ﬂ:i (0;=B)) stk L, j=1)+ 0,18k, [,m) — (421)

j=1
Hence

[4,a(k)— 4,b(k)]/I

Zc S(ka Zsj_1)+5m+ls(k9lam)

I M 3

j=1
Zestk, Lm—1)(1+ 11+ - + 11" ")+, sk, [, m)
zcelstk, Lm—1)/(I—1)+0,,, sk, I, m)

2 [0, 1+c/(l—1)] sk, I, m)

2 [0, 1 +c/(I—=1)]1", kzm

where ¢c=min{(5;— ;) A 0: 1<j<m}. Thus, we can choose an L,>2
independent of k>0, so that

[d,a(k)— 4,b(k)1/I= (1 +¢)] (4.22)
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for all />L, and k>m. On the other hand, for the finite set {k:
0<k<m—1}, by (4.21), we can choose an L, so that (4.22) also holds for
all I>L,. Put Ly=L, v L,. Then (4.22) holds for all /> L, and k>0 and
so does (4.20).

Now consider the case that 2</< L,— 1. Again, by (4.21), it follows
that (4.22) holds for large enough k > K, (say!). Hence (4.20) holds for all
2<I<Ly—1 and k> K,,. But then we can choose f, large enough so that
(4.20) holds for all 2< /< L,— 1 and k < K, as well. Therefore, (4.20) holds
for all /=2 and k >0 whenever f, is large enough.

Finally, for the case that /=1, the proof is similar and simpler. QED
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