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§1. Introduction

1. Notations and assumptionms.

Let E be a locally compact, separable metric space, and use B to
denote the Borel field over E . Suppose that Pt(x,°) is a sub-Markovian
transition function on (E,B) satisfying

i) (t,x) » Pt¢(X) is continuous on [0,®) X E for each
b € CO(E) = {¢ : ¢ € C(E) has compact support} ,

ii) there exists a b, € C;(E) such that for each KcC E (i.e. K is
a compact subset of E ) there is a t >0 and an € > 0 for which
el < Ptq:o .

Let

xt = {p : p and WP, are non-negative Radon measures on (E,B) for

each t > 0} .
We endow X+ with the vague topology.

For A € R , we put

wext: e_)‘tp.Pt tp oas t+0}

a
[}

@
]

N {n € SA :p#0}, 51(3) = {p € § : p(g) = 1}

>
]

inf{A € R : &K # ¢}

One basic theorem of [9] is the following:

2. Theorem. Xn € (-=,0] ,

At
+
wext :e™ B> WP, for each t > 0} # {0} .

2

1
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At
We note that if p € Gi and p #0 , then Vv = lim e * uPt satisfies
T t¥0
—xﬂ: xnt
e th Le th <v.

From this fact and (l.ii) it is easy to see that v € § and v #0,
T
~
hence Gl ¢ .
b

In order to describe the number Xn , the second author showed in
[9] that K“ is closely related to the rate at which the process exists
from open sets and also to the spectrum of the operators (Pt} . His
conclusions confirm that the number Xn is a critical point. In some
sense, it is a border between recurrence and transience. These considerations

led him to rephrase a conjecture of D. Sullivan as follows.

‘

3. Conjecture. [9, (3.1)]. Under reasonably gemeral hypotheses about
{Pt : t >0}, there exists a positive Radon measure § satisfying
Knt
e p= uPt for each t > 0 .
The second author already proved this conjecture in some cases. One of his

general results is:

-\t
4. Theorem. If f{e " P it > 0} 1is recurrent in the sense that there is no
© -)\‘ﬂit
positive Radon measure Vv for which foe thdt is a Radon measure, then

At

each j € Gi satisfies e " n= uPt » £ 20 . In particular, there is a
b3

-\t

.. R n . .
positive Radon measure which is {e P it 0} invariant.

Unfortunately, this conjecture is not true in general. The original
counterexample was found in the context of Markov chains. This example, along
with other related examples, is given in the next section. Later, S.R.S.
Varadhan suggested a method of producing a counterexample with a diffusion
process. We now present an example based on Varadhan's idea.

Let A the ordinary Laplacian on R3 , Choose a smooth
p : R3 + (0,%) so that the diffusion generated by L = %.pA explodes with

positive probability (cf. Exercise 10.3.3 on p. 260 of [10]). Denote by
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(Pt : t > 0} the minimal Markov semigroup generated by L (i.e.

{Pt : t >0} is the semigroup associated with the process which is "killed"

when it explodes). Set m(dy) = 1/p(y)dy . Then

3

Ptf(x) = [ 3p(t,x,y)f(y)m(dy) , f € Cb(R3) where p: (0,®) x R™ x R3 + (0,»)
R

. ~
is smooth and is symmetric with respect to x and y . Moreover, if L

denotes the Friedrich's extension in Lz(m) of L| _ 3. » then
Co(R)

P = etL

t Cb(R3)
of the results in [6]). Combining these observations with (2.6) in [9] ,

. (These facts can be checked directly or as a consequence

one concludes that A_ = sup{(¢,L¢) b € Cw(R3) and Nol =1} .
T 2 0 2
L% (m) L% (m)
But (¢,L¢) 2 = (¢,1/246¢) , and so Xn =0 . Thus, we will
L" (m) L”(Lebesgue)
have a counterexample once we show that there is no non-zero Radon measure
satisfying WP, =B, t >0 . But if uPt =p, t>0, then uldy) = £(y)dy
where f € Cw(Ra)+ and A(pef) = 0 . Hence, p°f would be constant, and so

we would conclude that mPt =m , t >0 . In particular, we would have

f3g(x)(l-Ptl(x))m(dx) = f3g(x)m(dx) -
R R
- fR3Ptg(x)m(dx) =0

for all t >0 and g € Cb(Ra) . Since this would mean that Ptl =1 for

all t > 0 , we see that no such p exists.

5. Definition. Let A€ R be given. Each p in GK is called a

A-excessive measure. p € Gk is said to be a A-invariant measure if

ektu = uPt for each t >0 .

Denote the set of all A-invariant measures by SA . We also write

=3 N& , 3@ =§@NYy, andpue

Finally, a non-negative ®-measurable function h is called a A-excessive

== a=d-A- X AY

function, if

>

Pth +h as t+0
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and h < @ a.,e, with respect to Pt(x,') for each t >0 and x €E .
In §3 we will give a limit procedure for computing the elements of SO
by the Dynkin's machine [5] . As for E& when An < 0, we already know
n An
from (4) that it is enough to study non-recurrent {Pt :t >0}, and in
that case we are able to reduce the study of SK to the study of Sy for a

. b3
new transition function.

In §4 , we use the following lemma from [8]

6. Lemma. Replace (1.i) with the assumption that for each t > 0 , Pt¢0
is positive everywhere. Let A €R and u € Sk . Then p E%K if and only

only if there is a T > 0 for which u¢0 = uP¥¢O .

This lemma allows us to focus on the discrete case which is discussed in
§4 . In particular, we will show how to extend a result due to Harris [7]

and Veech [11] .

§2. Counterexamples From Markov Chains

Let E = {0,1,2,°¢¢} . We call P(t) = (P igt) :i,j €E) (£ > 0) a
sub-Markov transition function, if
P..(£) >0, JP..(t) <1, P . .(t+s) = } P, (£)P .(s)
ij - j€E ij - ij KeE ik kj
and lim Pij(t) = 61' (6..=1,68..=0 (i# 3j)) forany i and j in E

t+0 J T Ti]
It is well known that the following limits:

P..(t) L. o 1-p..(t)
lim . Ll =gq.. (i#j) and lim —2L._ = q,
evo ¢ H £40 t
all exist. We set 9; = 79 - Then
)] oiqigw,ogqij<w(1¢3),2qiqui

j#i
The matrix Q = (qij) is called a Q-matrix. A sub-Markov tramsition
function with this matrix (qij) is called a Q-process.

In this context, (l.i) and (1.ii) become the assumption that for all
i,j €E, Pij(t) > 0 . Thus we make this assumption about P(t) . Also, it

is natural to fix
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g(x) = 1{0}(x) .

8. Theorem. If u € ‘S)\(g) , then

A> -q; and (Mg p; > Y u.q.

jei 331
for each i € E . 1In particular, we have
A _>_ -inf 9 -
i€E
Proof. Let
(9) B..() = P () /. i,j €E
ij i i

It is easy to check that P(t) is a Q-process with Q-matix Q= (ﬁij) :

q, =-3.. = . q.. = p.q../p, i#j

a g =M *va; a5 quJI/u1 i#3)

hence the assertions follow from (7) and the fact that P(t) > 0 .
In order to remove time from our consideration, we will need the next

lemma.

10. Lemma. Assume that P(t) is a Q-process, totally stable (i.e. q (=

for each i € E ), and satisfies the forward Kolmogorov equations:

(11) Pij(t) = —Pij(t)qj + kz P. (t)qu

Also assume that p = pP(t) . Then

(12) .q. = .q.. j E .
Bids izjulqu » Vie
Proof. [8] We have
N
(13) P!.(t) = -q, .P..(t) + P. (t
Ly - Jorgo - 3 froon,

The sum Z W Ps (t) is non-negative, continuous in t and it monotonically
i=0

increases to uj as N * @ ., Similarly, the second sum on the right side

in (13) is non-negative, continuous in t and it monotonically increases to
.E.u.q.. » which is finite by (8) (cf. [1, II§3, Theorem 1]). Hence, by
Dini's theorem, these sums converge uniformly for t in a finite interval.

Consequently, differentiation and summation can be interchanged in (13) when
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N =« and so (12) follows.

14. Lemma. FEquations p.q.. = ) p.q.. (j €E) have a positive solution
—_— KieS NP RS

(ui) if and only if the equation v = VP has a positive solution (vi) ,

where Pii 0, Pij = qij/qi (i # j) . Moreover, we can pass from one to

the other by taking Vi Ty (i€ E) .

Proof. Obvious.

15. Theorem®). Let Q = (q..) be a totally stable, irreducible and

1]

conservative (i.e. q; = X q for each i €E ) Q-matrix. Suppose that

P B
there is precisely one QE:;ocess and that it is transient. Then, in order
that §0 # 0 , the following condition is necessary: there exists an infinte
subset {il,iz,"'} of distinct integers such that
(16) P.. >0 , P.. >0, eee P, . >0
372 nt1'n
where P = (Fij) is defined in (14) . 1In particular, if hn = 0 , then this

gives a necessary condition for 3K +0 .
L]

Proof. Because of (10) and (14) , we need only consider the solutions
to v =vP . But now our condition comes from Harris' observation [7,

Theorem 1].

17, Example. Take P,, = 0 ; Py; =Py >0 (121, iZIPi <1 5 Pyy= 1

(i > 1) . It is clear that this P does not satisfy the condition (16) .
So the equation v = vP has no positive solution. This fact is also very
easy to check directly.

We now take 0 < q; ¥ 0 as ite®, q..=P..q. (i # j) . With this
Q-matrix, the Q-process is unique (since Q = (qij) is bounded). Hence the
unique Q-process P(t) satisfies the Kolmogorov forward equations.
Moreover, P(t) is transient since P is. Finally, (8) implies that

~ N
An = 0 since q; + 0 . We therefore see that ﬁxn # So =¢ .

*)

We will give a more general result later (see (32) ).
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Notice that P(t) is symmetric, because P is symmetric with respect to
{uo =1,p, =P, i > 1} and therefore Q = (qij) is symmetric with
respect to (ui/q. = i € E) which, by uniqueness, means that P(t) is. On
the other hand, ) P, (t) <1 (y¥i € E) , hence, we now have a counterexample
which is symmetrxieiut also a stopped Q-process.

To get an example of a non-stopped (conservative) Q-process for which

the conjecture fails, we proceed as follows.

18. Example [2]. Take Piisl =B >0, P,y=1-P (i€E). It is
easy to see that there is a (unique) positive solution to v = vP (v0 =1)
n n
if and only if 1lim II P =0 . We now take (P,) satisfying 1lim II P *0
e k=0 t e k=0

and take 0 < q; ¥0 as ite. By (10) , (14) and (8) we see that

~ ~
An =0 and an = 30 =¢ .
We note that if we take Py = 1 then ) P, (t) 1 (yigE), i.e.

jeE '

P(t) 1is non-stopped, since Q = (qij) is conservative and bounded.

Before moving on from Markov chains, we note that in the chain setting

Theorem (4) can be improved. Namely,

-\t
19. Theorem. If {e " Pij(t)} is recurrent in the sense that

o =A_t
f e " Pii(t)dt = o for each i € E , then there is precisely one u € Sh (g)
0 b4

and p satisfies:
x -“A_r
(20) b, = Linl b D 7 e 2 e ™

n>® r=] r=

for each i €E ,
where (P(f)) = (p..(1NT .
1] 1]

Proof. The existence comes from (4) . To prove the uniqueness and
(20) notice that if p € SK (g) then the corresponding B(t) defined in
£
(9) 1is a recurrent process and

n n (r) -\ _tr
) B, (rt) ) Py; (tle
.E:__._.._=_.1_- r=l (vi , vt)

s =
g Bore) 2 P (e)e T
r=0
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Hence

.o Bl -1, § os(n)
But 1lim ( P Y PC Y P.5’) =1 by [1; I.§9. Theorem 5).
o r=] ! r=0 00

§3. Minimal Kﬂ-invariant Measures

We begin this section with a description of the minimal elements of S .
~0

Fix a strictly positive function g € B . Denote the set of all extreme
points of €y(g) by Gf;g) . As in [4] or [5] , we can endow a convex
measurable structure to Giﬁg) : the o-algebra in G&fg) is generated by the
sets {p € Go(g) : wB)<ul , BEB , u€R . A measurable subset
D C(SO(g) is called a face if for every probability measure on @ZO(g) the
measure un given by
(21) (B = [ o BN , B €D

§o(8)

is in ® when and only when 7 is concentrated on P .
22. Lemma. So(g) is a face of & (g) .
Proof. By (6) , we have for any t > 0

So(g) = N {pe G:O(g) : p(e) = uPT(¢)}
4)€CO(E)

Hence So(g) is measurable in §y(g) . It is clear that oy defined in
(21) belongs to 3ég) if m - is concentrated on Ség) . We now assume
that By defined in (21) belongs to ﬁég) . Then

w(e) = . f(d)nap) = [ e, (9)n(aid)
G‘,O(g) (g)

hence

(23) (f(o)-fp (o)n(@d) =0, Vo €CHE) .

Iﬁg(g)\%(g)
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Put

D' = 5o\ y(e)
D) = (i €9 : #(e) - Wy (e) > 0}
then, by (23) , we have
n(® = n( U ®'¢)
tbeco(‘E)
< L n®p =0
¢ECO(E)

Therefore 1n is concentrated on 30,g .

It was shown in [4; 6.1] that the set of all extreme points of a face
is just ® N Gig(g) . Hence the set of all extreme points of So(g) s
denoted by f};(g) , is the subset S(e)(g) ﬂ‘Sg(g) of Gg(g) .

Let M be the class of non-negative measures. We say that m €M is
minimal, if the relation m = m +m, m, sm, €M implies that my and m,
are proportional to m . It is now easy to see that p is a minimal
elements of €0 if and only if p 1is an extreme point of 6¢(g) for some g
Thus, we may use [5; Lemma 2.2, Theorem 2.1 and Theorem 2.2] to give some
limit procedures for computing the minimal elements of §0 .

Set

[}
8
-

=
i

{x€E: fOPtg(x)dt

=]
"

~
8

-

{x€E: IOPtg(x)dt

=
]

. u'Ec , ud=u|Ed » ke

(o]
o
[}

el u=n},
30,d={u€30:u=ud} .
24, Theorem. Let U be a minimal element of §0 .

i) If p(g) < », then either p belongs to 30 o Or B belongs to 30 a’
b b

ii) If 630 o o, eLl(u) and w(¢) # 0 , then
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/P (o(x)at
b)) = 1im t
u(e)

ure U
fOPt¢(x)dt

for p-almost all x ,

iii) If p € %0 P then there exists a probability measure P on the
E

o
space E  of all sequences LIRS PRAAN A in E such that if

6,0 € Ll(u) and w(¢) # 0 , then

@P (x, )d
20O - 1 0RO
) e f:Ptda(xk)dt

and

©
[ P _o(x, )dt
im0t % -0
ko %
fOPt¢(xk)dt
for P-almost all sequences {xk} and s € (0,®)

In order to use these results to study 3%. , we now reduce the general
n
case to the case where kn =0 .

Let f be a Kn—excessive function which is finite and trictly

positive everywhere. Then we may define

. -1
(25) Pt(x,dy) = f(x) Pt(x,dy)f(y)

It is easy to check that Pt(x,') is a sub-Markovian transition function.
Denote the set of all non-trivial invariant measures for {Pt : t > 0}
b .
y 30
26. Theorem. §X # @ is equivalent to 30 # @ . In detail, the
A
n

_ 3
corresponding between p € 31 and v € 30 is the following:
T
v(dx) = f(x)p(dx)

Proof. If Vv € 30 and v(dx) = f(x)p(dx) , then
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[ £ouEn = v) = [v(@axn?, (x,8)

N
fu<dx)prt“<x,dy>f(y)

A
IB(uPtn)(dx)f(x) for each B €38 .

A
Hence p = uPtn , that is p € §k . The converse can be proved similarly.
n

Since we have a complete answer to the problem '%h #@ 7 in case that

A

b1
{Pt

: t >0} is recurrent, it is important to construct a k“—excessive

. b . . .
function only when {Pt : t >0} is non-recurrent. We will assume slightly
more than non-recurrence. Namely, we assume that

A
S
27 fOPt ¢0(x)dt < for each x €E .

In many cases (cf. [8]) , (27) is equivalent to non-recurrence.

28, Lemma. Under the condition (27) , the function f defined by
£(x) = IOPt by (x)de

is a Kn—excessive, finite and positive everywhere function.

Proof. The positive property comes from (1.i) and (l.ii) . The

Kn-excessive property follows from

A ® A
P nf(x) = f P n¢ (x)ds + f(x) as t+0 .
t ¢s 0

Sometimes it is convenient to use the following decomposition:

For a strictly positive function g €8 , put

(<]
]

© A
™ = ®
{x €E : fOPt g(x)dt = =}

o A
T
g= (xekE: IOPt g(x)dt < =}

E. =
;c=u|;:c , ;td=ulh:d , ue&)\n

By [5; Theorem 3.2] , we have the following:
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29. Theorem. If p € & , w(g) < » and ﬁ =0 , then p € § .
——— Xn d Xn
This is an improvement of (4) . Indeed, for each p € &x , we may

T
choose a strictly positive function g € C(E) (for example,

g(x) J P:¢0(x)dt (A > 0) ), such that p(g) < ® . Suppose that

A N
{Ptn : t >0} is recurrent and u(Ed) # 0 , then there exists

0 < ) < <, < ® and a compact subset K such that if
w A
G = {x: o £ fOPt g(x)dt S_cz} N K

then 0 < u(G) < ®, Put v = p'G , then Vv is a Radon measure and

[ vp_Tgdt
o ¢t S_czp(K) Ceo

For each ¢ € C;(E) , we have

VP Tdt < A VP _gdt
[P, ede < L8[ v Ty

Idlic

L2 <=

a

@
where a = inf g(x) >0 . Hence [ thndt is a Radon measure. This
xesupp( $) 0
is a contradiction.
In particular, we have
30. Corollary. If P(t) is recurrent, then Kw =0 and §0 #¢ . In fact,

S

~
for each n€Gy , By = 0o .
§4. Markov Chains
We first discuss the discrete time case.

31. Theorem. Suppose that P = (Pij) is an irreducible matrix on E and
——

satisfies

Define
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p(0) _
nt ij ij
(n)
p. = ) P. P ses P . (a>1)
Hij kj,eee,k  €H tky Ky ky Kp-123 -

™

0y = (n)
L) = ] X Per’p .+ P

r=j o= =1t ki
where H CE . Then the equation p = pP has a positive solution if and
only if there exists an infinite subset K of E such that
}i: K;ifw L ;3L .0 =0
Proof. This theorem was proved by Harris [7] and Veech [11] in the
case that P is a strictly stochastic matrix. Their arguments are also

available for us. We have need only to point out some changes.

Define

Q= Jp"

n=1

h=d
I

= ( 2 P(n))-l
n=0- !
(i#3)

2{1

.. =
ij L3P 1J

Then, it is easy to see that 0 < eij,¢ij < ® and that

Hp(i’j') - 1§n“ i‘;)ﬂpg"“‘) (i,i €€, 0<m< n)
R 2 L 0,5743 ™
%5 7 %5 201"5?))9
Lt Py 201";?) ji
-1 e ey,

n=1 m=l{1’3} 11 ji
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= ( Z .1>(.J.))q>ji R

o
@
) ) P, P see P .
Lo Kk, "k, k k
n=2  i€{ky, 000,k 3 L 12 n-17
R
= P, P/ eee P ..
n=2 m=l k eeek K1 K1k Kn-1t
1 m-1
. 2 P. eee P .
L . Tik k
km+l#1,°°°,kn_l¢1 el n-17
_ § nil P(m) P(n-—m)
ki i'ij
n=2 =1
TOF Lm
=¥ 3 Pk“.' P.0
m=] n=1 trn
@
(n)
= Q. ) .P.:
k1n=11 1]
and
Q.= ) Y P, P ese P .+ ) .P "
kI 022 delk,, ...k ) kKR k13 pmt K
1 n-1
§ oo, T ()
=q. y.e.% + ¥ .p%
k1n=11 1] =1t kj
o
- (n) . .
=y 8/t 1Py e it
n=1 :
We now arrive at the same decomposition as in [7]
i1 - .
T L S e 1 P AL
rl rl
Qp =0 Yo Qo r=j ®ri Qo

We can now state the last result.

32. Theorem. Let Q = (qij) be a totally stable and irreducible Q-matrix,
A
P(t) a Q-process such that P T(t) is non-recurrent. Define

Hn
i}

- M
= [P.Ht)dt < =
0 1

-]
—~
[ad
~
L]

-1 xn
£.P..(£)E,
1 1] h]
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>

P 1

- -1 -
ij " £, q..f.(A +qi) (i#3)

ii o I Y

~

then P, is a Q-process with Q-matrix Q = (qij) :

q; = An + q; s Q.. = fi q..f. (i#3)

~

P(t) satisfies the forward Kolmogorov equations with Q if and only if P(t)
satisfies the forward Kolmogorov equations with Q . Finally, if P(t)

~
satisfies the equations, then, in order that Sk # @ the following condition

1
is necessary: there exists an infinite subset K of E such that

lim lim  L,.(j)/L..(0) =0
e kokse ki ki

where for fixed i and j , Lki(j) is the minimal non-negative solution to

X = QZ.kaxx * 18Py s kcE
1 r=

This can be obtained by the formula

L@ = 1™
n=]

where
M _ v 5
*x T Z.GkrPri ’ k €k
=]
(n+l) ) 5 (n)
X = P, oX n21l,kegtE
k i kL7 ’ ?

Proof. 10 . As mentioned in (8) , it is easy to check the first
assertion.

2o . We now prove the second assertion.

A
- ~ -1 b -
P. (t)q, . = f. P. (t)q,.f. - £. P..(t)E. .
E ik qu 1 kzj ik qu ] i€ ij j
. ()\1! + qj)
Y N -
= o -
f. e fj(kzjl’ik(t)qkj Pij(t)()\1t + qj))

_p At
=f."e fj(Pij(t) - thij(t))
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=p.(c) .
1]
0 . o
3’ . By (26) , §)‘ #9 @ §* ¢ . Thus, if §, #¢ , then by
n K -
(10) and (14) , there is a positive solution to Vv = VP . Notice that P

is transient, it is not hard to prove that the condition given here is

equivalent to the one given in (31) .
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